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In preparing this volume the authors have endeavored to write 
a drill book for beginners which presents, in a manner conform- 
ing with modern ideas, the fundamental concepts of the subject. 
The subject-matter is slightly more than the minimum required 
for the calculus, but only as much more as is necessary to permit 
of some choice on the part of the teacher. It is believed that the 
text is complete for students finishing their study of mathematics 
with a course in Analytic Geometry. 

The authors have intentionally avoided giving the book the 
form of a treatise on conic sections. Conic sections naturally 
appear, but chiefly as illustrative of general analytic methods. 

Attention is called to the method of treatment. The subject is 
developed after the Euclidean method of definition and theorem, 
without, however, adhering to formal presentation. The advan- 
tage is obvious, for the student is made sure of the exact nature 
of each acquisition. Again, each method is summarized in a rule 
stated in consecutive steps. This is a gain in clearness. Many 
illustrative examples are worked out in the text. 

Emphasis has everywhere been put upon the analytic side, 
that is, the student is taught to start from the equation. He is 
shown how to work with the figure as a guide, but is warned not 
to use it in any other way. Chapter III may be referred to in 
this connection. 

The object of the two short chapters on Solid Analytic Geom- 
etry is merely to acquaint the student with coordinates in space 
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and with the relations between surfaces, curves, and equations in 
three variables. 

Acknowledgments are due to Dr. W. A. Granville for many 
helpful suggestions, and to Professor E. H. Lockwood for sugges- 
tions regarding some of the drawings. 



New Haven, Connecticut 
January, 1906 
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CHAPTER I 

REVIEW OF ALGEBRA AKD TRIGONOMETRY 

L Numbers. The numbers arising in carrying out. the opera- 
tions of Algebra are of two kinds, real and imaginary. 

A real number is a number whose square is a positive number. 
Zero also is a real number. 

A pure imaginary number is a number whose square is a nega^ 
five number. Every such number reduces to the square root of 
a negative number, and h ence has the form b V— 1, where ^ is a 
real number, and (V— 1)* =—1. 

An imaginary or complex number is a number which may be 
written in the form a -f- ft V— 1, where a and b are real numbers, 
and b is not zero. Evidently the square of an imaginary llimiber 
is in general also an imaginary number, since 

(a -f. ft V^)« = a« - ft* -f- 2aft V^, 

which is imaginary if a is not equal to zero. 

2. Constants. A quantity whose value remains unchanged is 
called a constant. 

Numerical or absolute constants retain the same values in all 
problems, as 2, — 3, Vz, tt, etc. 

Arbitrary constants, or parameters, are constants to which any 
one of an unlimited set of numerical values may be assigned, and 
these assigned values are retained throughout the investigation. 

Arbitrary constants are denoted by letters, usually by letters from the 
first part of the alphabet. In order to increase the number of symbols at ouz 

1 



2 ANALYTIC GEOMETRY 

disposal, it is oonyenient to use primes (accents) or subscripts or both. For 
example: 

Using primes, 

a' (read "a prime or a first'')» a'' (read **a double prime or a second ")» 
a'''''' (read **a third''), are all different constants. 

Using subscripts, 

bi (read " b one*'), 6, (read '* b two''), are different constants. 

Using both, 

Ci'tread "c one prime"), c," (read "c three double prime"), are different 
constants. 

3. The quadratic. Typical form. Any quadratic equation 
may by transposing and collecting the terms be written in the 
Typical Form 

(1) Ax^-{-Bx-{-C = 0, 

in which the unknown is denoted by x» The coefficients A, By C 
are arbitrary constants, and may have any values whatever, 
except that A cannot equal zero, since in that case the equation 
would be no longer of the second degree. C is called the con- 
stant term. 

The left-hand member 

(2) Ax^ ^Bx-^-C 

is called a quadratic, and any quadratic may be written in this 
Typical Form, in which the letter x represents the unknown. 
The quantity B^ — 4:AC is called the discriminant of either (1) 
or (2), and is denoted by A. 

That is, the discriminant A of a quadratic or quadratic equa- 
tion in the Typical Form is equal to the square of the coefficient 
of the first power of the unknown diminished by four times the 
product of the coefficient of the second power of the unknown 
by the constant term. 

The roots of a quadratic are those numbers which make the 
quadratic equal to zero when substituted for the unknown. 

The roots of the quadratic (2) are also said to be roots of the 
quadratic equation (1). A root of a quadratic equation is said 
p^ satisfy that equation. 
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In Algebra it is shown that (2) or (1) has two roots, Xi and x^ 
obtained by solving (1), namely, 



(3) 






2A 2A 
Adding these values, we have 

(4) aji + a;,=--' 

Multiplying gives 

(6) «i«i = 2- 

Hence 

Theorem L I%e sum of the roots of a qtuidratie is eqtuil to the 
coefficient of the first power of the unknovm with its sign changed 
divided by the coefficient of the second power. 

The product of the roots equals the constant term divided by the 
coefficient of the second power. 

The quadratic (2) may be written in the form 

(6) Ax^ -f 5aj + C=*A(x - x^) (x - ajj), 

as may be readily shown by multiplying out the right-hand 
member and substituting from (4) and (5). 

For example, since the roots ofSx^ — 4x + l=0 are 1 and i, we haye iden- 
ticaUy 3 x« - 4 x + 1 = 3 (a; - 1) (a; - i). 

* 

The character of the roots Xi and x^ as numbers (§ 1) when the 
coefficients A, B, C are real numbers evidently depends entirely 
upon the discriminant. This dependence is stated in 

Tfaeozem XL If the coefficients of a quadratic are real numbers, 
and if the discriminant be denoted by A, then 

when A is positive the roots are real and unequal; 
when A is zero the roots are real and equal; 
when A is negative the roots are imaginary. 

*The sign = is read "ia identical vith/* and means that the two expressions 
connected by this sign differ only in form. 
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In the three cases distinguished by Theorem II the quadratic 
may be written in three forms in irhich only real nuToberi appear. 

These ai-e 

(Ax* + Bx+C = A(x~x^(x — x^,fiojsi(P'), if l^ U positive ; 
\ Ax*-\- Bx+C = A{x~x,y, from (6), <f A is «ero; 



(7) 



Ax* + Bx+C=. 



ihi-:i-'-^m^- 



Tbe last Identity Is proved tbUB: 

adding and subtracting —^ witbln the parentheslB. 

4. Special qtiadratics. If one or both of the coefficients B and 
C in (1), p. 2, is zero, the quadratic is said to be apecUL 

Case I. C = 0. 

Equation (1) now becomes, by factoring, 
(1) A^ + Bx = x{Ax + B) = (i. 

Hence the roots are a, = 0, «, =— — ■ Therefore one root of 

a quadratic equation is zero if the constant term of that equation 

is zero. And conversely, if zero is a root of a quadratic, the con- 

m must disappear. For if x = satisfies (1), p. 2, by 

ion we have C = 0. 

II. B = 0. 

ion (1), p. 2, now becomes 

Ax*+C = 0. 
Theorem I, p. 3, x, + x, = 0, that is, 
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Therefore, if the coefficient of the first power of the unknown 
in a quadratic equation is zero, the roots ai-e equal numerically 
but have opposite signs. Conversely, if the roots of a quadratic 
equation are numerically equal but opposite in sign, then the 
coefficient of the first power of the unknown must disappear. For, 
since the sum of the roots is zero, we must have, by Theorem I, 
5 = 0. 

Case III. B = C = 0. 

Equation (1), p. 2, now becomes 

(4) Ax^ = 0. 

Hence the roots are both equal to zero, since this equation 
requires that x^ = 0, the coefficient A being, by hypothesis, 
always different from zero. 

5. Cases when the roots of a quadratic are not independent. 

If a relation exists between the roots Xi and x^ of the Typical 

^""^ Ax' + £x + C = 0, 

then this relation imposes a condition upon the coefficients A, 
B, and C, which is expressed by an equation involving these 
constants. 

For example, if the roots are equal, that is, if Xi = x^, then 
B« - 4 ^ C = 0, by Theorem II, p. 3. 

Again, if one root is zero, then XiX^ = ; hence C = 0, by 
Theorem I, p. 3. 

This correspondence may be stated in parallel columns thus : 

Quadratic in Typical Form 

Relation between the Equation of condition satisfied 

roots by the coefficients 

In many problems the coefficients involve one or more arbitrary 
constants, and it is often required to find the equation of condi- 
tion satisfied by the latter when a given relation exists between 
tiie roots. Several examples of this kind will now be worked out. 
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Ex. 1. What mnst be the value of the parameter k if zero is a root of 
the equation 

(1) 2aj» - 6x + ** - 3* - 4 = ? 

Solution. Here-4 = 2, B = -6, C = ife«-3ife-4. By Case I, p. 4, zero 
is a root when, and only when, C = 0. 

.-. ik2-3ik-4 = 0. 
Solving, & = 4 or — 1. Ana, 

Ex. 2. For what values of k are the roots of the equation 

fcB2 + 2Aa;-4x = 2-3& 
real and equal ? 

SoltUion. Writing the equation in the Typical Form, we have 

(2) AxB2 + (2ik-4)x + (3ife-2) = 0. 
Hence, in this case, 

A = k, 5 = 2* -4, C = 3ik-2. 

Calculating the discriminant A, we get 

A = (2ik-4)2-4ik(3A;-2) 
= _ 8A;a - 8 A; + 16 = - 8(A;« + * - 2). 

By Theorem II, p. 3, the roots are real and equal when, and only when, 

^ ^ ^* .-. ik2 + A; - 2 = 0. 

Solving, k = — 2 or 1. Ana. 

Verifying by substituting these answers in the given equation (2) : 

when ik=-2, the equation (2) becomes -2x?-8x-8=0, or -2(x+2)»=0; 
when k= 1, the equation (2) becomes x" — 2 x -h 1 = 0, or (x — 1)2 = 0. 

Hence, for these values of k, the left-hand member of (2) may be trans- 
formed as in (7), p. 4. 

Ex. 3. What equation of condition must be satisfied by the constants 
a, 6, kj and m if the roots of the equation 

(3) (62 + a^m^) y^-\-2 a^kmy + a^k^ - a^ft^ = o 
are equal ? 

Solution, The equation (3) is already in the Typical Form ; hence 
^ = 62 _!_ a2m2, B=z2a^km, C = a^k^ - a262. 

By Theorem II, p. 3, the discriminant A must vanish ; hence 
A = 4a*ifc2m2 - 4(6« + a2m2) (a2Jfc2 - ^262) = 0. 

Multiplying out and reducing, 

a262 (k^ - a277i2 - 62) - 0. Ana. 
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Ex. 4. For what values of k do the common solutions of the simultaneous 
equations 

(4) 3aj + 4y = A;, 

(5) x2 + y2 _ 26 
become identical ? 

Solvtion. Solving (4) for y^ we have 

(6) y = l(fc-3a;). 

Substituting in (5) and arranging in the Typical Form gives 

(7) 26x2 - 6ikx + ifc2 - 400 = 0. 

Let the roots of (7) be Xi and X2. Then substituting in (6) will give the 
corresponding values yi and ya of y, namely, 

(8) yi = J(A; - 3xi), y^ = i{k - Sxa), 

and we shall have two common solutions (xi, ^i) and (X2, V2) of (4) and (6). 
But, by the condition of the problem, these aolutUma must he ideiUiccU. 
Hence we must have 

(9) Xi = Xi and yi = y^. 

If, however, the first of these is true (xi = x^), then from (8) yi and 2/2 
will also be equal. 

Therefore the two common aoliUiona of (4) and (5) become identical when^ 
and only when, the roots of the equation (7) are equal; that is, when the dis- 
criminant A of (7) vanishes (Theorem II, p. 3). 

.-. A = 36A;2 _ I00(fc2 - 400) = 0. 
Solving, k^ = 625, 

ib = 25 or — 25. Ana, 

Verification. Substituting each value of A; in (7), 

when *;=26, the equation (7) becomes x^— 6x+9=0, or (x— 3)2=0 ; .-. x=3 ; 
when ik = — 25, the equation (7) becomes x2 + 6 x + 9 = 0, or (x + 8)2 = ; .*. x= — 3. 

Then from (6), substituting corresponding values of k and x, 

when k= 25 and x = 3, we have y = J(25 — 9)=4; 
when A; = — 25 and x = — 3, we have y = J (— 25 + 9) = — 4. 

Therefore the two common solutions of (4) and (5) are identical for each 
of these values of k, namely, 

itk= 25, the common solutions reduce to x = 3, v = ^ ; 
if A; = — 25, the common solutions reduce tox = — 3, y = — 4. 

Q.B.D. 
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PROBLEMS 

1. Calculate the discriminant of each of the following quadratics, deter- 
mine the sum, the product, and the cliaracter of the roots, and write each 
quadratic in one of the forms (7), p. 4. 

(a) 2aj2_6x + 4. (d) 4x«-4x + l. 

(b) x2 - 9x - 10. (e) 5x2 + lOx + 6. 

(c) 1 -X - x». (f) 3x2 - 6x - 22. 

2. For what real values of the parameter k will one root of each of the 
following equations be zero ? 

(a) 6x2 + 6ifcx - 3ifc2 + 3 = q. Arts, ik = ± 1. 

(b) 2& - 3x2 + 6x - fc2 _|. 3 _ 0. Ana, jfc = - 1 or 3. 

8. For what real values of the parameter are the roots of the following 
equations equal ? Verify your answers. 

(a) ifcx2 - 3x - 1 = 0. Ana, ik = - f. 

(b) x2 - jfcx + 9 = 0. Ana. k = ±6. 

(c) 2te2 + 3fcB + 12 = 0. Ana. k = ^. 

(d) 2x2 + ^-1 = 0. Ana. None. 

(e) 5x2 - 3x + 6*2 = 0. Ana. k = ±^. 

(f) x2 + te + A;2 + 2 = 0. Ana. None. 

(g) x2 - 2 fcx - ik - J = 0. Ana. A; = - f 

4. Derive the equation of condition in order that the roots of the following 
equations may be equal. 

(a) w2x2 + 2A;mx - 2px = - Jfc2. Ana. p{p -2km) = 0. 

(b) x2 '^2mpz + 26p = 0. Ana. p(m2p - 26) = 0. 

(c) 2mx2 + 26xH-a2 = 0. Ana. l^ = 2a^. 

5. For what real values of the parameter do the common solutions of the 
following pairs of simultaneous equations become identical ? 

(a) X + 2y = A;, x2 + y2 = 5. Ana. k = ±6. 

(b) y = mx — 1, x2 = 4 y. Ana. w = ± 1. 

(c) 2x - 3y = 6, x2 + 2 X = 3y. Ana. 6 = 0. 

(d) y = Twx + 10, x2 + y2 =: 10. Ana. m = ± 3. 

(e) te + y - 2 = 0, x2 - 8y = 0. Ana. None. 

(f) x + 4y = c, x2 + 2y2 = 9. Ana. c = ±9. 

(g) x2 + y2 _ aj _ 2 y = 0, X + 2 y = c. Ana. c = or 5. 
(h) x2 + 4y2_8x = 0, mx — y — 2m = 0, Ana. None. 

6. If the common solutions of the following pairs of simultaneous equations 
are to become identical, what is the corresponding equation of condition ? 

(a) 6x + ay = a6, y2 = 2px. Ana. ap (2 62 + op) = 0. 

(b) y = mx + 6, Ax^ + By = 0. Ana. B(m^B - 46-4) = 0. 

(c) y=zm{x- a), By2 + Dx = 0. Ana. D(^am^B - D) = 0. 
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6. Variables. A variable is a quantity to which, in the same 
investigation, an unlimited number of values can be assigned. 
In a particular problem the variable may, in general, assume any 
value within certain limits imposed by the nature of the problem. 
It is convenient to indicate these limits by inequalities. 

For example, if the variable x can assame any yalae between — 2 and 5, that 
is, if X must be greater* than — 2 and less than 5, the simultaneous inequalities 

a; > - 2, « < 5, 

are written in the more compact form 

- 2 < a; < 5. 

Similarly, if the conditions of the problem limit the values of the variable x to 
any negative number less than or equal to — 2, and to any positive number greater 
than or equal to 5, the conditions 

x<— 2ora; = — 2, and aj > 5 or aj = 6 
are abbreviated to x^ — 2 and a; ^ 5. 

Write inequalities to express that the variable 

(a) X has any value from to 5 inclusive. 

(b) y has any value less than — 2 or greater than — 1. 

(c) X has any value not less than — 8 nor greater than 2. 

• 7. Equations in several variables. In Analytic Geometry we 
are concerned chiefly with equations in two or more variables. 

An equation is said to be satisfied by any given set of values 
of the variables if the equation reduces to a numerical equality 
when these values are substituted for the variables. 

For example, x = 2, j^ = — 3 satisfy the equation 

2a.2 + 3y2=:35, 
since 2(2)3 + 3 (- 3)2= 35. 

Similarly, x = — 1, y = 0, 2 = — 4 satisfy the equation 

2a;2-3y2 + z2-i8 = 0, 
since 2(- 1)2 - 3 X + (- 4)2 - 18 = 0. 

* The meaning of greater and less for real numbers (§ 1) is defined as follows : a is 
greater than b when a - & is a positive number, and a is less than b when a - 6 is negative. 
Hence any negative number is less than any positive number ; and if a and b are both 
negative, then a is greater than b when the numericcU value of a is less than the numer- 
ical value of 6. 

Thus 3 < 5, but - 3 > - 6. Therefore changing signs throughout an inequality reverses 
the inequality sign. 
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An equation is said to be algebraic in any number of variables, 
for example x, y, z, if it can be transformed into an equation 
each of whose members is a sum of terms of the form ax"*y"«^, 
where a is a constant and m, n, p are positive integers or zero. 

Thus the equations x* + x^ — 28 + 2a; — 5 = 0, 

«6y + 2 a; V = -y« + 5a;2-f2— aj 
are algebraic. 

The equation aj* + yi = a^ 

is algebraic. 

For, squaring, we get aj + 2 x^y^ + y = a. 

Transposing, 2 x^y^ = a — x — y. 

Squaring, 4a;y = a2 + a;2 + 1/2 _ 2ax — 2ay -\- 2xy, 

Transposing, x^ + y^ — 2xy — 2ax — 2 ay -{- a^ = 0. q.e.d. 

The degree of an algebraic equation is equal to the highest 
degree of any of its terms.* An algebraic equation is said to 
be arranged witli respect to the variables when all its terms are 
transposed to the left-hand side and written in the order of 
descending degrees. 

For example, to arrange the equation 

2a;'2 -I- 3/ + 6a:' - 2a;V - 2 + a;'8 = x'^' - 1^2 
with respect to the variables x\ 2^, we transpose and rewrite the terms in the order 
a.'8- a-'iy + 2a;'2- 2a;V + 1^2 + 6a;' + 3/ - 2 = 0. 
This equation is of the third degree. 

An equation which is not algebraic is said to be transcendental. 

Examples of transcendental equations are 

y = sin a;, y = 2^:, log y = Zx. 

PROBLEMS 

1. Show that each of the following equations is algebraic; arrange the 
terms according to the variables «, y, or x, y, 2, and determine the degree. 

(a) x2 + Vy-5 + 2x = 0. 

(b) x*4-y + 3x = 0. 

(c) xy4-3x* + 6x2y-7xy8 + 5x-6 + 8y = 2xy«. 

(d) X + y + z + x^z-Sxy - 222 = 5. 

(e) y = 2 4- Vx2-2x-6. 

• The degree of any term is the sum of the exponents of the variables in that term. 
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(f ) y = X + 6 + V 2xg-6a; + 3. 
1 [^ 



2^.- 



(h) yz=AX'{-B + VLxS + Mx + N, 

8. Show that the homogeneous quadratic * 

-4x2 _|_ Bxy + Cya 

may be written in one of the three forms below analogous to (7), p. 4, if 
the discriminant A = B^ — ^AC satisfies the condition given : 

Cask I. Ax^ + Bxy -\- Cy^=A(x '-liy)(x- hy), it A>0; 

Cask II. Ax^ + Bxy -^Cy^=A(x- liy)\ if A = .0 ; 

' Case HI. Ax^ + Bxy -^ C^ = A Ux + ^y^H- ^^^^^ y^J ^ if 



A<0. 



8. Functions of an angle in a right triangle. In any right 
triangle one of whose acute angles is A, the functions of A are 
defined as follows : 



opposite side 

sm ^ = l^ , 

hypotenuse 

__ adjacent side 

hypotenuse 

opposite side 

tan ^ = -^f ^ ., > 

adjacent side 



hypotenuse 

esc A = -^^ . TT-J 

opposite side 
hypotenuse 

sec ^="-7^-^^ —T^y 

adjacent side 
_ adjacent side 

cot A — — — • 

opposite side 



From the above the theorem is easily derived : 

■g In a right triangle a side is equal to the 

product of the hypotenuse and the sine of the 

angle opposite to that side, or of the hypote- 

ct nuse and the cosine of the angle adjacent to 

that side. 

9. Angles in general. In Trigonometry 
an angle XOA is considered as gen- 
erated by the line OA rotating from 
an initial position OX, The angle is 
positive when OA rotates from OX 
counter-clockwise, and negative when 
the direction of rotation of OA is 
clockwise, "^ cm 4 





* The coefficients A, B, C and the nnmbers ^, l^ are snppoaed real. 
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The fixed line OX is called the initial line, the line OA the 
terminal line. 

Measurement of angles. There are two important methods 
of measuring angular magnitude, that is, there are two unit 
angles. 

Degree measure. The unit angle is ^^^ of a complete revolu- 
tion, and is called a degree. 

Circular measure. The unit angle is an angle whose subtend- 
ing arc is equal to the radius of that arc, and is called a radian. 

The fundamental relation between the unit angles is given by 
the equation 

180 degrees = ir radians (tt = 3.14159 • * •). 
Or also, by solving this, 

TT 

1 degree = q-^ = .0174 • • • radians, 

180 
1 radian = = 67.29 • • • degrees. 

TT 

These equations enable us to change from one measurement to 
another. In the higher mathematics circular measure is always 
used, and will be adopted in this book. 

The generating line is conceived of as rotating around through 
as many revolutions as we choose. Hence the important result : 

Any real number is the circular measure of some angle, and 
conversely, any angle is measured by a real number, 

10. Formulas and theorems from Trigonometry. 

1 1 1 

1. cotx = : secx = ; cscx = -: — • 

tanx cosx sinx 

sinx ^ cosx 

8. tanx = ; cotx = -: — • 

cosx smx 

8. sin^x + cos^x = 1 ; 1 + tan^x = sec^x ; 1 + cot?x = csc»x. 

4. sin (— x) = — sinx ; C8c(- x) = — cscx ; 
co8(— x)= cosx; sec(— x) = secx; 
tan(— x) = — tanx; cot(— x) = — cotx. 
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6. sin (flf - a;) = sina; ; sin (jr + «) = - sinx ; 
cos (jr — jc) = — cos X ; cos (;r + x) = — cosx ; 
tan(3r — x) =— tanx; tan(3r + x)= tanx; 

6. sin( xj = cosx; sinf - + x j = cosx; 

cos( x)=sinx;cos( — [-«) = — sinx; 

tan( X ) = cot X ; tan ( — |- x j = — cotx. 

7. sin (2 jr — x) = sin (— x) = — sin x, etc. 

8. sin (x + y) = sinx cosy + cosx sin y. 

9. sin (x — y) = sinx cosy — cosx sin y. 

10. cos (x 4- y) = cosx cos y — sin x sin y. 

11. cos (x — y) = cosx cos y + sin x sin y. 

,^ . . V tanx + tany ,« * , \ tanx — tany 

12. tan(x + y) = —- 18. tan(x - y) = :; — —* 

^ 1 — tanxtany 1 + tanx tan y 

14. sin2x = 2sinxcosx; cos2x = cos^x — sin^x; tan2x = 



1 - tan^x 



. X /l — cosx X /l + cosx ^ X /T^ 

15. sin- = ± ^— ^-; cos- = ± ^-^— ; tan- = ± ^_ 



— cosx 



cosx 



16. Theorem, Law of 8ine8. In any triangle the sides are proportional 
to the sines of the opposite angles; 

a b c 



that Is, 



sin A sinB sin C 



17. TTieorem. Law of cosines. In any triangle the square of a side 
equals the sum of the squares of the two other sides diminished by twice the 
product of those sides by the cosine of their included angle ; 

that is, a« = 62 4.c2-.2 6ccos-4. 

18. Theorem. Area of a triangle. The area of any triangle equals one 
half the product of two sides by the sine of their included angle ; 

that is, area = |a&sin C = ibcsmA = |ca sin B, 
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11. Natural values of trigonometric functions. 



Angle in 
Badlans 

• 


Angle in 
Degrees 


Sin 

• 


Cos 


Tan 


Cot 






.0000 
.0873 
.1746 
.2618 
.3491 
.4363 
.6236 
.6109 
.6981 
.7854 


0° 
6° 
10° 
15° 
20° 
26° 
30° 
35° 
40° 
45° 


.0000 
.0872 
.1736 
.2688 
.3420 
.4226 
.6000 
.6736 
.6428 
.7071 


1.0000 
.0902 
.0848 
.9659 
.9397 
.9063 
.8660 
.8192 
.7060 
.7071 


.0000 
.0875 
.1703 
.2679 
.3640 
.4063 
.6774 
.7002 
.8391 
1.0000 


00 

11.430 
6.671 
3.732 
2.747 
2.146 
1.732 
1.428 
1.192 
1.000 


90° 
86° 
80° 
76° 
70° 
66° 
60° 
66° 
60° 
46° 


1.6708 

1.4836 

1.3963 

1.3090 

1.2217 

1.1345 

1.0472 

.9699 

.8727 

.7864 






Cos 


Sin 


Cot 


Tan 


Angle in 
Degrees 


Angle in 
Radians 



Angle in 
Radians 


Angle in 
Degrees 


Sin 


Cos 


Tan 


Cot 


Sec 


Csc 





0° 





1 





00 


1 


00 


It 
2 


90° 


1 





QO 





00 


1 


It 


180° 





-1 





00 


-1 


00 


S7t 

2 


270° 


-1 





oo 





00 


-1 


27t 


360° 





1 





00 


1 


00 
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Angle in 
Radians 


Angle in 
Degrees . 


Sin 


Cos 


Tan 


Cot 


Sec 


Csc 





0° 





1 





QO 


1 


• 


6 


30° 


1 
2 


V3 

2 


V3 
3 


V3 


2V3 
3 


2 


TC 

4 


45*^ 


V2 
2 


V2 
2 


1 


1 


V2 


V2 


TC 

3 


6(y> 


V3 
2 


1 
2 


Vs 


V3 
3 


2 


2V3 
3 


TC 

2 


W 


1 





QO 





00 


1 



12. Rules for signs. 



Quadrant 


Sin 


Cos 


Tan 


Cot 


Sec 


Csc 


First .... 


+ 


+ 


+ 


+ 


+ 


+ 


Second . . . 


+ 


— 


— 


— 


— 


+ 


Third. . . . 


— 


— 


+ 


+ 


— 


— 


Fourth . . . 


— 


+ 


— 


— 


+ 


— 



13. Greek alphabet. 



Letten 


1 Names 


A a 


Alpha 


BiS 


Beta 


Ft 


Gamma 


A a 


Delta 


E « 


Epsilon 


z r 


Zeta 


Hiy 


Eta 


6 d 


Theta 



Letters 


Names 


I t 


Iota 


E K 


Kappa 


A X 


Lambda 


Mm 


Mu 


N V 


Nu 


s^ 


Xi 





Omicron 


n X 


Pi 



Letters 

2 <r f 
T T 
T u 

Xx 

W 



Names 
Rho 
Sigma 
Tau 
Upsilon 
Phi 
Chi 
Psi 
Omega 



CHAPTER II 

CARTESIAN COORDINATES 

14. Directed line. Let X'X be an indefinite straight line, and 
let a point 0, which we shall call the origin be chosen upon 
it. Let a unit of length be adopted and assume that lengths 

measured from to the right are positive, and to the left negative. 

■ 

-5-4-3-2-1 0'hl'f2+3-h4+5 unit 



^IH^ai^BC^HI^aiBMk 



X' 't ^ X 1 

Then any real number (p. 1), if taken as the measure of the length 
of a line OP, will determine a point P on the line. Conversely, 
to each point P on the line will correspond a real number, namely, 
the measure of the length OP, with a positive or negative sign 
according as P is to the right or left of the origin. 

The direction established upon X'X by passing from the origin 
to the points corresponding to the positive numbers is called the 
positiye direction on the line. A directed line is a straight line upon 



B A A B^ 

which an origin, a unit of length, and a positive direction have 
been assumed. 

An arrowhead is usually placed upon a directed line to indicate 
the positive direction. 

If A and B are any two points of a directed line such that 

OA = a, 0B = b, 

then the length of the segment ^B is always given hjb — a; that 
is, the length of ^B is the difference of the numbers correspond- 
ing to B and A. This statement is evidently equivalent to the 
following definition : 

16 
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For all positions of two points A and B on a directed Une^ the 
length AB is given by 

(1) AB^OB^ OA^ 

where is the origin. 



-t 



(1) (n) (m) (IV) 

+3+6 —4 0+3 -SO +5 -8 -2 

BMMMMai^HB^^B^ m^^l^^^m^^amn^ ^^■HiW^>MM^^ 

B A A B B 



A B 



Illustrations. 

In Fig. I. AB=OB 

n. AB=OB 

m. AB=OB 

IV. AB=OB 



A O 



0^ = 6 — 3 = + 3; BA= 0^- 0^ = 3 — 6 = — 3; 
0^=-4-3 = -7; 5^ =0^-02?= 3- (-4) = + 7; 
0^ = + 5-(-3)= + 8; BA = 0A-0B = — S — 5=-S; 
0^=-6-(-2) = -4; 2?^=0^-OjB=-2-(-6)=+4. 



The following properties of lengths on a directed line axe 
obvious : 

(2) AB==-BA. 

(3) AB is positive if the . direction from A to B agrees with 
the positive direction on the line, and negative if in the contrary- 
direction. 

The phrase " distance between two points " should not be used if these points 
lie upon a directed line. Instead, we speak of the length AB, remembering that 
the lengths AB and BA are not equcUt but that AB = — BA. 

15. Cartesian*' coordinates. Let X*X and Y'Y he two directed 

Y/ lines intersecting at O, and 

2f/^ JP let P be any point in their 

plane. Draw lines through 
P parallel to X'X and Y'Y 
respectively. Then, if 

OM==ay ON=by 

the numbers a, h are called 
the Cartesian coordinates of 
P, a the abscissa and h the 
ordinate. The directed lines 
X^X and Y'Y are called the 




• So called after Ben^ Descartes, 1596-1660, who first introduced the idea of oodrdinates 
into the study of Geometry. 
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axes of coordinates^ X'X the axis of abedssas, FT the axis of 
ordinates^ and their intersection O the origin. 

The coordinates a, b oi P are written (a, i), and the symbol 
P(a, ft) is to be read: "The point P, whose coordinates are a 
and ft." 

Any point P in the plane determines two numbers, the coordi- 
nates of P. Conversely, given two real numbers a' and ft', then 
a point P' in the plane may always be constructed whose coordi- 
nates are (a', ft'). For lay off Oil/' = a', ON' = ft', and draw lines 
parallel to the axes through M' and N', These lines intersect at 
P' (a\ ft'). Hence 

Every point determines a pair of real numbers, and conversely, 
a pair of real numbers determines a point. 

The imaginary numbers of Algebra have no place in this repre- 
sentation, and for this reason elementary Analytic Greometry is- 
concemed only with the real numbers of Algebra. 

16. Rectangular cob'rdinates. A rectangular system of coordi- 
nates is determined when the axes X'X and VY are perpendicular 



X' 



{'9r4) 



H 



6) 



Y 







0. -< 



(6, 



7) 



m 



0) 



to each other. This is the usual case^ and will be assumed unless 
otherwise stated. 
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The work of plotting points in a rectangular system is much 
simplified by the use of coordinate or plotting paper, constructed 
by ruling off the plane into equal squares^ the sides being parallel 
to the axes. 

In the figure, p. 18, several points are plotted, the unit of length 
being assumed equal to one division on each axis. The method is 
simply this : 

Count off from O along X^X a number of divisions equal to the 
given abscissa, and then from the point so determined a number 
of divisions equal to the given ordinate, observing the 

Rule for signs : 

Abscissae are positive or negative a/xording as they are laid off 

to the right or left of the origin, Ordinates are 
^' ' positive or negative according as they are laid 

Second Ftnt off ohove OT helow the axis of X. 
i-.-h) (i-.-f- ^ Rectangular axes divide the plane into four 



X' 

Third 

r' 



Fourth 



-^ portions called quadrants; these are numbered 
(^,_) as in the figure, in which the proper signs of 
the coordinates are also indicated. 



PROBLEMS 

1. Plot accurately the points (3, 2), (3, - 2), (- 4, 3), (6, 0), (- 6, 0), 
(0, 4). 

2. Plot accurately the points (1, 6), (3, - 2), (- 2, 0), (4, - 3), (- 7, - 4), 
(- 2, 4), (0, - 1), ( V3, V2), (- V6, 0). 

8. What are the coordinates of the origin ? Ans, (0, 0). 

4. In what quadrants do the following points lie if a and 6 are positive 
numbers: (-a, 5)? (-a, -5)? (5, -a)? (a, 5)? 

5. To what quadrants is a point limited if its abscissa is positive? nega- 
tive ? its ordinate is positive ? negative ? 

6. Plot the triangle whose vertices are (2, — 1), (— 2, 6), (— 8, — 4). 

7. Plot the triangle whose vertices are (- 2, 0), (5 Vs - 2, 5), (- 2, 10). 

8. Plot the quadrilateral whose vertices are (0, —2), (4, 2), (0, 6), 
(-4,2). 



^ 
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9. If a point moves parallel to the axis of x, which of its coordinates 
remains constant ? if parallel to the axis of ^ ? 

10. Can a point move when its abscissa is zero ? Where ? Can it move 
when i^ ordinate is zero ? Where ? Can it move if both abscissa and ordi- 
nate are zero ? Where will it be ? 

11. Where may a point be found if its abscissa is 2? if its ordinate 
is -3? 

12. Where do all those points lie whose abscissas and ordinates are equal ? 

18. Two sides of a rectangle of lengths a and 5 coincide with the axes of 
X and y respectively. What are the coordinates of the vertices of the rec- 
tangle if it lies in the first quadrant ? in the second quadrant ? in the third 
quadrant ? in the fourth quadrant ? 

14. Construct the quadrilateral whose vertices are (—3, 6), (— 3, 0), (3, 0), 
(3, 6). What kind of a quadrilateral is it ? 

15. Join (3, 6) and (-3,-6); also (3, - 5) and (- 3, 6),» What are the 
coordinates of the point of intersection of the two lines ? 

16. Show that (x, y) and {x, — y) are symmetrical with respect to X^X; 
(x, y) and ( — x, y) with respect to F'F ; and (x, y) and ( — x, — y) with respect 
to the origin. 

17. A line joining two points is bisected at the origin. If the coordinates 
of one end are (a, — b), what will be the coordinates of the other end ? 

18. Consider the bisectors of the angles between the coordinate axes. 
What is the relation between the abscissa and ordinate of any point of the 
bisector in the first and third quadrants ? second and fourth quadrants? 

10. A square whose side is 2 a has its center at the origin. What will be 
the coordinates of its vertices if the sides are parallel to the axes ? if the diago- 
nals coincide with the axes ? 

Ana. (a, a), (a, — a), (—a, — a), {— a, a); 

(a v5, 0), (- a >^, 0), (0, a V2), (0, - a V2). 

20. An equilateral triangle whose side is a has its base on the axis of x 
and the opposite vertex above X^X. What are the vertices of the triangle if 
the center of the base is at the origin ? if the lower left-hand vertex is at the 
origin? ._ /a^\ / a^\ /^ aVs^ 



^n..(|.0>(-|,0).(0.--J5).. 
(0, 0), (a, 0), (|, ^). 
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17. Angles. The angle between two intersecting directed lines 

is defined to be the angle made by their positive 
directions. In the figures the angle between 
the directed lines is the angle marked 0, 

If the directed lines are parallel, then the 
angle between them is zero or tt according as 
the positive directions agree or do not agree. 
Evidently the angle between two directed 
lines may have any value from to tt inclusive. 
Reversing the direction of either directed line 
changes to the supplement ir — 0. If both directions are 
reversed, the angle is unchanged. 




^=0 



tf = 



When it is desired to assign a positive direction to a line 
intersecting X^X^ we shall always assume the upward direction 
as positive (see figures). 




rt 



X X' 



r' 



tJ5 



fs) 



Theorem 1, If a and p are the angles between a line directed 
upward and the rectangular axes OX and OY, then 

(I) cos ^ = sin a. 

Proof, The figures are typical of all possible cases. 



In Pig. 1, 
and hence 






cos P = COS 



(l ~ ") = '''' "• 



(by 6, p. 13) 
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In Fig. 2, ^ = a-|, 

and hence cos p = cos ( ^ ~" "o ) == sin or. 

^ ' (by 4 and 6, p. 12) 

In Fig. 3, a = |, ^ = 0. 

.'. cos ^ = 1 = sin a. q.e.d. 

The positive direction of a line parallel to X'X will be assumed 
to agree with the positive direction of X^X, that is, to the right. 

Hence for such a line a = 0, ^ = — > and the relation (I) still 
holds, since 

IT 

cos p = COS -^ = = sin = sin a. 



PROBLEMS 

1. Show that for lines directed downward cos /3 = — sin a, 

2. What are the values of a and /3 for a line directed N.E.? N.W. ? S.E. ? 
S. W. ? (The axes are assumed to indicate the four cardinal points of the 
compass.) 

8. Find the i-elation between the a's and /3's of two perpendicular lines 

directed upward. ^^. of -jx^-\ s' + Bzz^. 

2 2 

18. Orthogonal projection. The orthogonal projection of a point 
upon a line is the foot of the perpendicular 

^p 

Thus in the figure 
M is the orthogonal projection of P on X'X; m 



r 



N is the orthogonal projection of P on FT; X' \ 



«*-► 



MX 



P' is the orthogonal projection of P'on X'X, ^ ^N 

If A and B are two points of a directed 
line, and M and N their projections upon a 
second directed line CZ>, then MN is called the projection of AB 
upon CI>, 
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Theorem n. First theorem of projection. If A and B are points 
upon a directed line making an angle y with a second directed line 
CD, then the 

(II) projection of the length AB upon CI> = AB cos y. 

Proof, In the figures let 

a = the numerical length of ABy 

I = the numerical length of -45 or 5 r; 

then a and I ^xe positive numbers giving the lengths of the respec- 
tive lines, as in Plane Geometry. Now apply the definition of the 
cosine to the right triangles ABS and ABT (p. 11). 

,A B^—.^T^ 4^ ^ ^ " 

1) B T M^ N M^ N 

(1) (2) C3) C4) (5) C6) 

In Fig. 1, Z = a cos BAS = a cos y, 

MN =ly AB = a. 
,\ MN = AB cos y. 

In Fig. 2, I = a cos ABT = a cos (tt — y) 

= — a cos y, (by 5, p. 13) 

MN-l, AB^-a. 
.\MN=^AB cosy. 

In Fig. 3, Z = a cos ABT = a cos (tt — y) 

= — a cos y, 
i^fiV = - Z, AB = a. 
.\MN = AB cosy. 
In Fig. 4, Z = a cos ^^T = a cos y, 

3fi\r = - Z, ^5 = - a. 
.'. 3fiV = ^J5 cos y. 

In Fig. 5, y = 0, MN = Z, AB = a. 

Hence MN = AB = AB cos (since cos = 1^ 

.'. MN=zAB cosy. 
In Fig. 6, y = TT, MN = - Z, AB=a. 

Hence MN = — AB = ^5 cos tt (since cos tt = — 1). 

. • . MN =zAB cos y. Q.B.D. 
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19. Lengths. Consider any two given points 

^i(aJi,yi), Pa (^2, 2/2). 
Then in the figure 

M1M2 = projection of P1P2 on X'X, 
N1N2 = projection of PiP^ on FF. 

rt 




Pt(it^yOYF' 
But by (1), p. 17, 

M1M2 = OM2 — OMi = Xa — rci, 
N^N^ = ON^ - OiVi = ya - y^. 

Hence 

Theorem ni. Given any two points P^ (xi, y^y P^ (x^y y^ ; then 

05, — ajj = projection of i^ii*, on X^X\ 

,y« — 1/1 = projection of i*ii*, on F'lT. 

We may now easily prove the important 

Theorem IV. The length I of the line Y' 

joining two points P^ (x^, y^), P^ (x^, y^ * 

is given by the formula «. 

(IV) I = -J{^^-x,y+{v^^y,)\ 



(III) 




Pt(x%,yt) 



Proof Draw lines through Pj and ^ ^ M^ 
Pa parallel to the axes to form the 
right triangle PiSP^, y 

Then SPi = M^Mi = Xj — x^, 

P2S = N^Ni = yi - y a> 

P1P2 = V^^T^lj 

and hence / = V(aji — Xj)^ + (yi — ya)*« 



if, X 



(by III) 
(by III) 

Q.B.I>. 
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The method used in deriving (IV) for any positions of Pi and 
Pa is the following : 

Construct a right triangle by drawing lines parallel to the axes 
through Pi and Pj. The sides of this triangle are equal to the 
projections of the length P1P2 upon the axes. But these projec- 
tions are always given by (III), or by (III) with one or both 
signs changed. The required length is then the square root of 
the sum of the squares of these projections, so that the change in 
sign mentioned may be neglected. A number of different figures 
should be drawn to make the method clear. 

. 1. Find the length of the line joining the points (1, 3) and (—5, 5). 

Solution. Call (1, 3) Pi, and (- 6, 6) Pa. 

- Then 
• »i = I1 yi = 3, and JCa = — 5, ya = 6 ; 

and substituting in (IV), we have 
I = V(l + 6)2 + (3 - 5)'-* = Vio = 2 Vio. 

^ It should be noticed that we are simply 
finding the hypotenuse of a right triangle 
whose sides are 6 and 2. 

Remark. The fact that formulas (III) and (IV) are true for all 
positions of the points Pi and Pa is of fundamental importance. 
The application of these formulas to any given problem is there- 
fore simply a matter of direct substitution, as the example worked 
out above illustrates. In deriving such general formulas, since 
it is immaterial in what quadrants the assumed points lie, it is 
most convenient to draw the figure so that the points lie in the 
first quadrant, or, in general, so that all the quantities assumed 
as known shall he positive. 




PROBLEMS 

1. Find the projections on the axes and the length of the lines joining 
the following points : 

(a) (—4, — 4) and (1, 3). _ Ans. Projections 5, 7; length = V74. 

(b) (- V2, V3) and (VS, V2). 

Ana. Projections V3 + V2, V2 — Vs ; length = VlO. 
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(c) (0, 0) and ( - » — — ) . Ana. Projections - , - VS ; length = a, 

(d) (a + 6, c + a) and (c + o, 6 + c). 

-4 713. Projections c — b^b — a; length = V(6 — c)^-^(a — 5)*. 

2. Find the projections of the sides of the following triangles upon the 

"^' (a) (0, 6), (1, 2), (3, -5). 

(b) (1, 0), (-1, -5), (-1,-8). 

(c) (a, 6), (6, c), (c, d). 

8. Find the lengths of the sides of the triangles in problem 2. 

4. Work out formulas (III) and (IV), (a) if Xi = x^; (b) if yi = y2. 

5. Find the lengths of the sides of the triangle whose vertices are (4, 3), 
(2, - 2), (- 3, 5). 

6. Show that the points (1, 4), (4, 1), (5, 5) ai*e the vertices of an isosceles 
triangle. 

7. Show that the points (2, 2), (- 2, - 2), (2 V3, - 2 Vs) are the vertices 
of an equilateral triangle. 

8. Show that (3, 0), (6, 4), (- 1, 8) are the vertices of a right triangle. 
What is its area ? 

9. Prove that (- 4, - 2), (2, 0), (8, 6), (2, 4) are the vertices of a paral- 
lelogram. Also find the lengths of the diagonals. 

10. Show that (11, 2), (6, - 10), (- 6, - 6), (- 1, 7) are the vertices of 
a square. Find its area. 

11. Show that the points (1, 3), (2, Vg), (2, - Vg) are equidistant from 
the origin, that is, show that they lie on a circle with ife center at the origin 
and its radius VlO. 

12. Show that the diagonals of any rectangle are equal. 

18. Find the perimeter of the triangle whose vertices are (a, 6), (— a, 6), 
(- a, - 6). 

14. Find the perimeter of the polygon formed by joining the following 
I)oint8 two by two in order : 

(6, 4), (4, - 3), (0, - 1), (- 5, - 4), (- 2, 1). 

15. One end of a line whose length is 13 is the point (- 4, 8); the ordi- 
nate of the other end is 3. What is its abscissa ? Ans. 8 or - 16. 

16. What equation must the coordinates of the point (aj, y) satisfy if its 
distance from the point (7, - 2) is equal to 11 ? 
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17. What equation expresses algebraically the fact that the point (x, y) is 
equidistant from the points (2, 3) and (4, 6)? 

18. If the angle XOY (Fig., p. 17) equals w, show that the length of the 
line joinhig Pi (asi, j/i) and P2 (X2, ^2) is given by 

I = V{xi - xs)*-* + (yi - y^)^ + 2 (xi - X2) (2/1 - Vz) cos w. 

19. If w = — , find distance between the points (— 3, 3) and (4, — 2). 

Am. V39. 

20. If w = — , find the perimeter of the triangle whose vertices are (1, 3), 
(2, 7>, (- 4, - 4). AtiS. V2I + V^ + Vi09. 

21. If « = -, find the perimeter of triangle (1, 2), (~ 2, - 4), (3, - 5). 

Am. 3 Vs + 2 V3 + V26 - 6 V3 + V63 - 14 V3. 

22. Prove that (6, 6), (7, - 1), (0, - 2), (- 2, 2) lie on a circle whose 
center is at (3, 2). 

28. If w = — , find the distance between (V3, V2), (- >^, VS). 

Ans. VlO + V2. 

24. Show that the sum of the projections of the sides of a polygon upon 
either axis is zero if each side is given a direction established by passing 
continuously around the perimeter. 

20. Inclination and slope. The inclination of a line is the angle 
between the axis of x and the line when the latter is given the 

upward direction (p. 21). 

The slope of a line is the tangent of 
its inclination. 

The inclination of a line will be 
denoted by a, ai, a^^ a\ etc. ; its slope 



r>K 




Y' 




-> by m, mi, W2, m\ etc., so that m = tan a, 
mi = tan ai, etc. 

The inclination may be any angle 
from to TT inclusive (p. 21). The 
slope may be any real number, since the tangent of an angle in 
the first two quadrants may be any number positive or negative. 
The slope of a line parallel to X^X is of course zero, since the 
inclination is or tt. For a line parallel to r'y the slope is infinite. 
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Tlieorem V. The slope m of the line passing through two points 
Pi (iCi, yi), Pa (»a> ya) « 9^ven by 



(V) 



m = 



Vi — Vi 



aji 



Xi 




Proof. 



(1) 



Similarly, 



(2) 



But 



JI/jAfj = iTg — a?! 

= PiPj cos a. 

.*. PiPa cos a = ajj — Xi, 

^1^2 = ya — yi 

= PlP2C0S^. 

.-. PiP2COS)3 = y2 — yi. 
cos /8 = sin a. 



(by (III), p. 24) 
(by (II), p. 23) 

(by (III), p. 24) 
(by (II), p. 23) 

(by (I), p. 21) 



Hence, from (2), 



(3) 



PiPa sin a = yj — yi. 



Dividing (3) by (1), tan a = m = 



y^-Vi 



Q.E.D 



iCj '~~ iCj 

Remark. Formula (V) may be verified by 
constructing a right triangle whose hypot- 
enuse is P1P2, as on p. 24, whence tan a 
(= tan Z SP1P2) is found directly as the i-atio 
of the opposite side, 5P2 = 2/2 — l/v ^ *^6 
adjacent side, Pi5 = a?2 — Xi* 

* To construct a line passing through a given point P^ whose slope is a positiye frac- 
tion - , we mark a point 8 b units to the right of P^ and a point P, a units above S^ and 

draw P^Pr If the slope is a negative fraotion, — ^ , then either S most lie to the left of Pi 
or P^ must lie below S» 
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Theorem VI. If two lines are parallel, their slopes are equal; if 
perpendicvZar, the slope of one is the negative reciprocal of the slope 
of the other, and conversely. 

Proof Let a^ and a, be the inclinations and m^ and m^ the 
slopes of the lines. 

If the lines are parallel, a^ — a^ .'. m^ = m^ 
If the lines are perpendicular, as in the figure, 

«2 = «i + 2' or ai = org - ^• 




.'• mj = tan a^ = tan 



"' - ?) 



= — cot a^ (by 4 and 6, p. 12) 

1 

The converse is proved by retracing the steps with the assump- 
tion, in the second part, that as is greater than ai. 

PROBLEMS 

1. Find the slope of the line joining (1, 3) and (2, 7). Ans. 4. 

2. Find the slope of the line joining (2, 7) and (—4, — 4). Ans. ^. 

8. Find the slope of the line joining ( Vs, v^) and (~ V2, Vs). 

Ana. 2V6-6. 

4. Find the slope of the line joining {a -\-b^ c -\- a)^ {c + a,h + c). 

A b — a 

Ans. 

c-b 

5. Find the slopes of the sides of the triangle whose vertices are (1, 1), 
(- 1, - 1), ( V3, - V3). ' ^^ ^^ 1+V3 ^ I-V3 

6. Prove by means of slopes that (- 4, - 2), (2, 0), (8, 6), (2, 4) are the 
vertices of a parallelogram. 

7. Prove by means of slopes that (3, 0), (6, 4), (— 1, 3) are the vertices * 
of a right triangle. 

8. Prove by means of slopes that (0, — 2), (4, 2), (0, 6), (—4, 2) are the 
vertices of a rectangle, and hence, by (IV), of a square. 
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9. Proye by means of their slopes that the diagonals of the sqnare in 

problem 8 are perpendicular. 

10. Prove by means of slopes that (10, 0), (5, 5), (5, — 5), (— 5, 6) are 
the vertices of a trapezoid. 

11. Show that the line joining (a, b) and (c, — (Q is parallel to the line 
joining (— o, —b) and (- c, d). 

12. Show that the line joining the origin to (a, b) is perpendicular to the 
line joining the origin to (— 6, a). 

« 

18. What is the inclination of a line parallel to F'F? perpendicular to 
FT? 

14. What is the slope of a line parallel to F'F? perpendicular to F'F? 

16. What is the inclination of the line joining (2, 2) and (—2, — 2)? 

Ans. —' 
4 

16. What is the inclination of the line joining (—2, 0) and (— 5, 3)? 

Am. —7-' 

4 

17. What is the inclination of the line joining (3, 0) and (4, Vs) ? 

18. What is the inclination of the line joining (3, 0) and (2, Vs) ? 

A 27r 
o 

19. What is the inclination of the line joining (0, - 4) and (- V3, - 5) ? 

■A ^ 

20. What is the inclination of the line jouiing (0, 0) and (- V3, 1) ? 

. hit 
Ans. —T' 
o 

21. Prove by means of slopes that (2, 3), (1, — 3), (3, 9) lie on the same 
straight line. 

22. Prove that the points (a, 6 + c), (6, c + a), and (c, a + 6) lie on the 
same straight line. 

28. Prove that (1, 5) is on the line joining the points (0, 2) and (2, 8) 
and is equidistant from them. 

24. Prove that the line joining (3, — 2) and (6, 1) is perpendicular to the 
line joinmg (10, 0) and (13, - 2). 
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21. Point of division. Let Pj and. P^ be two fixed points on a 
directed line. Any third point on the line, as P or P', is said 



Pi P Ft P' 

"to divide the line into two segments," and is called a point 
of division. The division is called internal or external according 
as the point falls within or without P1P2. The position of the 
point of division depends upon the ratio of its distances from Pi 
and Pj. Since, however, the line is directed, some convention 
must be made as to the manner of reading these distances. We 
therefore adopt the rule : 

If P is a point of division on a directed line passing through 

Pi and P2, then P is said to divide P1P2 into the segments PiP 

P P 
and PPo. The ratio of division is the value of the ratio* — ^• 

PP 
We shall denote this ratio by \, that is, * 

If the division is internal, PiP and PP2 agree in direction and 
therefore in sign, and \ is therefore positive. In external divi- 
sion \ is negative. The sign of X therefore indicates whether 
the point of division P is within or without the segment PiPa ; 
and the numerical value determines whether P lies nearer Pi 
or Pg. The distribution of \ is indicated in the figure. 

-i<X<(? XrO \>0 X— OD -oo<X<-J 

Pi P« 

That is, X may have any positive value between Pi and Pg, any 
negative value between and — 1 to the left of Pi, and any nega- 
tive value between — 1 and — 00 to the right of Pa. The value 
— 1 for X is excluded. 

* To assist the memory in writing down this ratio, notice that the point of diyision P 
is written last in the numerator and^r«^ in the denominator. 
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Introducing co5rdinates, we next prove 

Theorem VIL Point of division. The coordinates (x, y) of the 
point of division P on the line joining Pi(«i, y\)j Pi(p^2f t/t)} such 
that the ratio of the segments is 



are given by the formulas 



= A, 



(VII) 



iC = 



1 + A 



) y = 



1 + A 



Proof. Given 



X = 



PP% 




3fi M MtX 



Let a be the inclination of the line PiP%. Project Pi, P, P% 
upon the axis of cc. ' . 

Then, by the first thebrem of projection [(11), p. 23], 

MiM = PiP cos a, 



MM^ = PPi cos a. 



Dividing, 


MM^~ PP^~ • 


(by hypothesis) 


But 


Mj^M = X — ajj, 






MM^ = 072 — X, 


(by (III), p. 24) 


Substituting, 







X^ X 

Clearing of fractions and solving for a?, 

ajj -p Aa?2 
1 + X ' 

_ yi + ^^2 



Similarly, 



0? 



y = 



Q.E.D. 



Corollary. Middle point. The coordinates (x, y) of the middle 
point of the line joining Pi (xi, yi), P2 (x^, yz) are found by taking 
the averages of the given abscissas and ordinates; that is, 

35 = \(Xi -f a?,), y = \(yi + y,). 

PiP 



For if P is the middle point of PiP^ then \ = 



PP, 



1. 



i 
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Ex. 1. Find the point P dividing Pi(-1, -6), Pj (3, 0) in the ratio X= -J. 

Solittion. Applying (VII), xi = — 1, yi = — 6, 
Xq = 3, ^2 = 0. 

1-i 




X = 



= -2J, 



y = 






-6 



= -8. 



Hence P is (- 2J, - 8). Ans. 

Ex. 2. Find the coordinates of the point of 
intersection of the medians of a triangle whose 
vertices are (xu Vi), (X2, ^2)* (xs, Vs)- 

Solution, By Plane Geometry v^e have to find 
the point P on the median AD such that AP = ^AD, that is, AP : PD : : 2 : 1, 
or X = 2. 

By the Corollary, D is [J (xa + Xg), i (2^2 + ys)]- 
To find P, apply (VII), remembering that A corre- 
sponds to (xi, ^i) and 2> to (xs, 

This gives 



p^f^i.yj 



Xi + 2.i(xa + X8) 
X — - — -"^ ■ 



1 + 2 

,._ 2/1 + 2-1(3/2 + ys) 
1 + 2 




C*«'y«-) 



.-. X = J(xi + X2 + Xs), y = J(yi + ya + ys). -47W. 

Hence the abscissa of the intersection of the medians of a triangle is the 
average of the abscissas of the vertices, and similarly for the ordinate. 

The symmetry of these answers is evidence that the particular median 
chosen is immaterial, and the formulas ther^ore prove the fact of the intersec- 
tion of the medians. 



PROBLEMS 

1. Find the co5rdinates of the middle point of the line joining (4, — 6) 
and (~ 2, - 4). Ans. (1, - 5). 

8. Find the coordinates of the middle point of the line joining (a+&, c+c{) 
and (a — b,d — c). Ans. (a, d). 

8. Find the middle points of the sides of the triangle whose vertices are 
(2, 3), (4, — 5), and (—3, — 6) ; also find the lengths of the medians. 

4. Find the coordinates of the point which divides the line joining (—1,4) 
and (- 5, - 8) in the ratio 1 : 3. Ans. (- 2, 1). 

6. Find the coordinates of the point which divides the line joining 
(- 3, - 5) and (6, 9) in the ratio 2 : 6. Ans. {- f, - 1). 
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6. Find the coordinates of the point which divides the line joining (2, G) 
and (— 4, 8) into segments whose ratio is — |. Ana. {— 22y 14). 

7. Find the coordinates of the point which divides the line joining 
(—3, — 4) and (6, 2) into segments whose ratio is — f . Ans. (—19, — 16). 

S. Find the coordinates of the points which trisect the line joining the 
points (- 2, - 1) and (3, 2). Ans. (- J, 0), (f, 1). 

9, Prove that the middle point of the hypotenuse of a right triangle is 
equidistant from the three vertices. 

10. Show thiat the diagonals of the parallelogram whose vertices are (1,2), 
(— 6, — 3), (7, — 6), (1, — 11) bisect each other. 

11. Prove that the diagonals of any parallelogram mutually bisect each 
other. 

12. Show that the lines joining the middle points of the opposite sides of 
the quadrilateral whose vertices are (6, 8), (— 4, 0), (— 2, — 6), (4, — 4) bisect 
each other. 

18. In the quadrilateral of problem 12 show by means of slopes that the 
lines joining the middle points of the adjacent sides form a parallelogram. 

14. Show that in the trapezoid whose vertices are (— 8, 0), (—4, — 4), 
(—4, 4), and (4, — 4) the length of the line joining the middle points of the 
non-parallel sides is equal to one half the sum of the lengths of the parallel 
sides. Also prove that it is parallel to the parallel sides. 

16. In what ratio does the point (—2, 8) divide the line joining the points 
(- 3, 5) and (4, - 9) ? Ana. J. 

16. In what ratio does the point (16, 3) divide the line joining the points 
(-6,0) and (2, 1)? Ana. - |. 

17. Given the triangle whose vertices are (— 5, 3), (1, — 3), (7, 5); show 
that a line joining the middle points of any two sides is parallel to the third 
side and equal to one half of it. 

18. If (2, 1), (3, 3), (6, 2) are the middle points of the sides of a triangle, 
what are the coordinates of the vertices of the triangle ? 

Ans. (-1,2), (5,0), (7, 4). 

19. Three vertices of a parallelogram are (1, 2), (— 6, — 3), (7, —6). 
What are the coordinates of the fourth vertex ? 

^115. (1, - 11), (- 11, 5), or (13, - 1). 

20. The middle point of a line is (6, 4), and one end of the line is (5, 7). 
What are the coordinates of the other end ? Ans. (7,1). 

21. The vertices of a triangle are (2, 3), (4, — 5), (- 3, - 6). Find the 
co&rdinates of the point where the medians intersect (center of gravity). 
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88. Find the area of the isosceles triangle whose vertices are (1, 6), (6, 1), 
(— 9, — 9) by finding the lengths of the base and altitude. 

83. A line AB\a produced to C so that BC = J AB. If the points A and B 
have the coordinates (5, 6) and (7, 2) respectively, what are the coordinates 
of C? ^ Ans. (8,0). 

84. Show that formula (VII) holds for oblique coordinates, that is, Z XOY 
may have any value. 

26. How far is the point bisecting the line joining the points (5, 5) and (3, 7) 
from the origin ? What is the slope of this last line ? Ans. 2 Vl3, |. 

22. Areas. In this section the problem of determining the area 
of any polygon the coordinates of whose vertices are given will 
be solved. We begin with 

Theorem Vlll. The area of a triangle whose vertices are the 
origin, P^ (x^, 2/i)> *^^ -^2 (^2j y^) *^ giveii by the formula 

(VIII) Area of triangle OP^P^ = ki^iVi — ^iUi)- 
j^^ X Proof In the figure let 

p = /. XOP^ 

6 = /. PiOP^. 
(1) .\e=p-a. 

By 18, p. 13, 

(2) Area A OP^P^ = i OPj • OP^ sin $ 

= iOP,^ OP, sin (p - a) [by (1)] 

(3) = J OPi ' OP, (sin ^ cos a — cos P sin a). 

But in the figure 

sm B = — r— ^ = -^^> cos B = = —^t 

^ OP, OP, ^ OP, OP, 

M.P. y. OMy X, 

sm a = —^—^ = -^^> cos a = = — —- 

OP, OP, OP, OP, 

Substituting in (3) and reducing, we obtain 

Area A OP^P, = ^ (x,y, — x^{). q.b.d. 
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Ex. L Find the area of the triangle whose vertices are the origin, (— ^s 4)* 
and (— 6, — 1). 

SoltUum, Denote ( - 2, 4) hy Pi, ( - 6, - 1) by Pj. 

Then 

«i = - 2, yi = 4, xa = - 6, ya = - 1. 




■ - ■ ■ ■-- (1, 1) 
Substituting in (VUI), 

Area = i [ - 2 • - 1 - ( - 5) . 4] = 1 1 . 
Then Area = 11 unit squares. 

If, however, the formula (Vlll) is applied by denoting (— 2, 4) by Pi, and 
(- 5, - 1) by Pi, the result will be - 11. 
The two figures are as follows : 





(1) (2) 

The cases of positive and negative area are distinguished by 
Theorem IX. Passing around the perimeter in the order of the 
vertices 0, P^, P29 

if the area is on the lefty as in Fig, i, then (VIII) gives a posi- 
tive restdt; 
if the area is on the right, as in Pig, ^, then (VIII) gives a 
negative result 

Proof In the formula 

(4) Area A OPiP^ = i OPj • OP^ sin 

the angle $ is measured frofn OP^ to OP^ within the triangle. 
Hence B is positive when the area lies p p 

to the left in passing around the per- V^ — ^^^^III^P, V"^^^^^^^^^--.i« 
imeter 0, Pi, Pg, as in Fig. 1, since 6 is ^Ve^y^'^ n>>"''"^ 
then measured counter-clockwise (p. 11). q q 

But in Fig. 2, 6 is measured clockwise. ^^^ ^^ 

Hence 6 is negative and sin 6 in (4) is also negative. q.e.d. 

Formula (VIII) is easily applied to any polygon by regarding 
its area as made up of triangles with the origin as a common 
vertex. Consider any triangle. 
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Theorem Z. Ths area of a triangle whose vertices are Pi (a5i, yi), 

(X) Area Ai>ii>,i>,=i(a?iya-«ayi+«ay8-aj,yi+«8yi-«'iy8)- 

This formula gives a positive or negative result a^ccording as the 

area lies to the left or right in parsing 
around the perimeter in the order P^P^P^, 

Proof Two cases must be distin- 
guished according as the origin is 
within or without the triangle. 

Fig. 1, origin unthin the triangle. 
By inspection, 

(5) Area A PiP^P^ = A OP^P^ + A OP^P^^ + A OP^P^, 
since these areas all have the sam,e sign* 

Fig. 2, origin without the triangle. By inspection, 

(6) Area A PiP^^ = A OP^P^ + A OP^P^ + A OP^P^y 

since OP^P^ OP^P^ have the same sign, but OP^P^ the opposite 
sign, the algebraic sum giving the desired area. 

By (VIII), A OP,P, = \{x^, - x^,\ 

. Substituting in (5) and (6), we have (X). 
Also in (5) the area is positive, in (6) negative. 
An easy way to apply (X) is given by the following 

"Rsild for finding the area of a triangle. 

First step. Write down the vertices in two columns, 
abscissas in one, ordinates in the other, repeating the 
coordinates of the first vertex. 

Second step. Multiply each abscissa by the ordinate of the next 
row, and add results. This gives Xiy^ -h ^iyz 4- ^zyv 

Third step. Multiply each ordinate by the abscissa of the next 
row, and add results. This gives y^x^ -\- y^z -\- y^Xi. 

Fourth step. SubtroAst the result of the third step from that of 
the second step, and divide by 2. This gives the required area, 
namely, formula (X). 



Q.E.D. 



Xi 


Vi 


X2 


y2 


Xs 


Vs 


Xi 


Vi 
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It is easy to show in the same manner that the rule applies to 
any polygon, if the following caution be observed in the first step : 

Write down the coordinates of the vertices in an order agreeing 
with that established by passing continuously around the perimeter j 
and repeat the coordinates of the first vertex, 

Ex. 2. Find the area of the quadrilateral whose vertices are (1, 6), 
(-8, -4), (2, -2), (-1,8). 

Solution, Plotting, we have the figure from which — 
we choose the order of the vertices as indi- . ^ 
cated by the arrows. Following the rule : _ i 3 

First step. Write down the vertices in — 3 — 4 
order. 2 — 2, 

1 A 

Second step. Multiply each abscissa ' 

by the ordinate of the next row, and add. This gives 

lx3 + (-ix-4) + (-3x-2) + 2x6 = 26. 

Third step. Multiply each ordinate by the abscissa 
of the next row and add. This gives 

6x-l + 3x-3 + (-4x2) + (-2xl)=-26. 

Fourth step. Subtract the result of the third step 
from the result of the second step, and divide by 2. 

.'. Area = = 25 unit squares. Ana, 

The result has the positive sign, since the area is on the left. 




PROBLEMS 

1. Find the area of the triangle whose vertices are (2, 8), (1, 5), (— 1, — 2). 

Ans, ^, 

2. Find the area of the triangle whose vertices are (2, 8), (4, —6), (—8, —6). 

Ans. 29. 

8. Find the area of the triangle whose vertices are (8; 8), (—2, 8), (4, — 6). 

Ans. 40. 

4. Find the area of the triangle whose vertices are (a, 0), (—a, 0), (0, 6). 

Ans. ab. 

5. Find the area of the triangle whose vertices are (0, 0), (xi, yi)^ (iCs, ^2)* 



Ans. 



X\y2 - XtVi 
2 
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6. Find the area of the triangle whose vertices are (a, 1), (0, &), (c, 1). 

(a-c)(6-l). 
2 

7. Find the area of the triangle whose vertices are (a, 6), (6, a), {c, — c). 

^n«. i(a2.-62). 

8. Find the area of the triangle whose vertices are (3, 0) , (0, 3 Vs), (6, 3 V3). 

Ana, 9V3. 

9. Prove that the area of the triangle whose vertices are the points 
(2, 3), (5, 4), (— 4, 1) is zero, and hence that these points all lie on the same 
straight line. 

10. Prove that the area of the triangle whose vertices are the points 
(a, & + c), (b, c + a)^ (c, a + &) is zero, and hence that these points all lie on 
the same straight line. 

11. Prove that the area of the triangle whose vertices are the points 
(a, c + a), (— c, 0), (— a, c — a) is zero, and hence that these points all lie 
on the same straight line. 

18. Find the area of the quadrilateral whose vertices are (-2, 3), 
(-3, -4), (5, -1), (2, 2). Ans. 31. 

18. Find the area of the pentagon whose vertices are (1, 2), (3, — 1), 
(6, - 2), (2, 6), (4, 4). Ans. 18. 

14. Find the area of the parallelogram whose vertices are (10, 6), (—2, 5), 
(- 5, - 3), (7, - 3). Ans. 96. 

16. Find the area of the quadrilateral whose vertices are (0, 0), (6, 0), 
(9, 11), (0, 3). Ans. 41. 

16. Find the area of the quadrilateral whose vertices are (7, 0), (11, 9), 
(0, 5), (0, 0). Ans. 69. 

17. Show that the area of the triangle whose vertices are (4, 6), (2, — 4), 
(— 4, 2) is four times the area of the triangle formed by joining the middle 
points of the sides. 

18. Show that the lines drawn from the vertices (3, — 8), (— 4, 6), (7, 0) 
to the medial point of the triangle divide it into three triangles of equal area. 

19. Given the quadrilateral whose vertices are (0, 0), (6, 8), (10, — 2), 
(4, — 4) ; show that the area of the quadrilateral formed by joining the 
middle points of its adjacent sides is equal to one half the area of the given 
quadrilateral. 
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33. Second theorem of projection. 

Lemma I. If M^ iV/g, M^ are any three points on a directed line, 
tlien in all cases 



^ 



1/, 



Mt 



Ms 



4- 





Ml 



Mi 



M2 



Proof, Let be the origin. 
By (1), p. 17, M,M^ : 

Adding, M1M2 -h M^M^ ■■ 

But by (1), p. 17, MiiT/g : 

.*. MiMs ■ 



OM2 - OMi, 
OM^ — OM2. 
OMs - OMi. 
OMs - OMi. 



Q.E.D. 



This result is easily extended to prove 

Lemma II. If Mi, M2, M^, • • •, 3/„_i, M^ are any n points on a 
directed line, then in all cases 



M^M^ = M1M2 4- M^M^ + M^M^ -\ h M^_iM, 



M 



the lengths in the right-hand member being so written that the 
second point of each length is the first point of the next. 

The line joining the first and last points of a broken line is 
called the closing line. 




CMiMi 



M^D O MMMs 




M^D 



(1) 



Pz 



(2) 



Thus in Fig. 1 the closing line is P^P^ j in Fig. 2 the closing 
line is PiPg. 
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Theorem XI. Second theorem of projection. If each segment of a 

broken line be given the direction, determined in pausing continuously 
from one extremity to the other, then the algebraic sum. of the pro- 
jections of the segments upon any directed line equals the projection 
of the closing line. 

Proof. The proof results immediately from the Lemmas. For 
in Fig. 1 

MiMt — projection of PiPf ; 

M^M^ = projection of PjP, ; 

Jl/iMj = projection of closing line PiPf 
But by Lemma. I 

and the theorem foUoirs. 

Similarly in Fig. 2. q.b.i>. 

CorollAry. If the sides of a closed polygon be given the direction 
established by passing eonfinuously around the perimeter, the turn, 
of the projections of the aides upon any directed line is zero. 

For the closing line is now zero. 

Ex. 1. Find the projection of tba line joining the origin and (5, 8) upon 
a line pa«siDg through (— 6, 0) irhose 
inclination is — ■ 

Soiulion. In the flgnre, applying the 
second theorem of proieotlon, 
proj. ot OP on J B 

= proj. of OM + proj. of Jff* 

= OWeoa| + JfPcos| 
(bjr first theorem of projection, p. 23) 
= jV2 + sV2 = 4V2. A-M. 

The essential point in the solution of problems like Ex. 1 is the replacing 
ol tha given line, by means of Theorem XI, by a broken line with two seg- 
ments which are parallel to the axes. 
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Ex. 2. Find the perpendicular dlsiaoce from the line puring throng 
(4, O),who«e Inclination ia — t to the 
point (10, 2). ^ 

BolutUm. In the figure draw OC 
perpendicular to the given line AS. 

/LXAS = ~, or 120=. 
.-. ^ Z08 = 30=, ^ SOY = 60". 
Required the perpendicular dis- 
tance BF. 

Project the broken line OMP upon 
OC. Then, by the secood theorem of 
projection, 

proj. of OP = proj. of Oil + proj. of IfP 

= OMctMZXoa + jfPcos^aor 

= 10 . i Vg + 2 ■ i 

(1) = 1 + 6 Vs. 
But in the figure ' 

proj, of OP = OS ■\- ST 

= OA cos XOS + flP 

(2) = 4 . J Va + BP. 
From (1) and (2), 

BP + 2V3 = 1 + 5V3. 

BP = 1 + 3V3, Ant. 



1. Foot points He on the axis of abaciBsaa at distances of 1, 3, 6, and 10 
respectively from the origin. Find P1P4 by Lemma II. 

S. A broken line joins continuously the points (— 1, 4), (3, 6), (6, — 2), 
(S, 1), (1, — 1). Show that the second theorem of projection holds when the 
segments are projected on the X-axis. 

3. Show by means of a figure that the projection of the broken line join- 
ing the polnte (1, 2), (6, 4), (- 1, - 4), (3, - 1), and (1, 2> upon any line is 

4. Find the projection of the line joining the points (2, 1) and {G, 8) upon 
a line passing through the point (— 1, 1) whose Inclination is -^. 

... s^ + a 
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5. What Is the projection of the line joining these same points upon any 
line whose inclination is — ? Why ? 

6. Find the projection of the line joining the points (— 1, 3) and (2, 4) 
upon any line whose inclination is f ;r. Am. — v2. 

7. Find the projection of the hroken line joining the points (—1, 4), 

It 
(3, 6), and (5, 0) upon a line whose inclination is -j* Verify your result by 

finding the projection of the closing line. ^ns. V2. 

8. Find the projection of the broken line joining (0, 0), (4, 2), and (6, ~ 3) 
upon a line whose inclination is -r- • ^,^3 — o — 3 V3 

9. Show that the projection of the sides of the triangle (2, 1), (—1, 6), 
(—3, 1) upon a lijie whose inclination is — is zero. 

10. Find the perpendicular distance from the point (6, 3) to a line passing 

through the point (— 4, 0) with an inclination of 7 • ^n«. —7=' 

4 . V 2 

11. Find the perpendicular distance from the point (—5, — 1) to a line 
passing through the point (6, 0) and having an inclination of \ it. 

Am, 6v^. 

Tt 

18. A line of inclination — passes through the point (5, 0). Find the per- 
pendicular distance to the parallel line passing through the point (0, 2). 

. 6 + 2V3 
Am, • 



CHAPTER III 
THE CURVE AND THE EQUATION 

24. Locus of a point satisfying a given condition. The curve* 
(or group of curves) passing through all points which satisfy a 
given condition, and through no other points, is called the locus 
of the point satisfying that condition. 

For example, in Plane Geometry, the following results are 
proved : 

The perpendicular bisector of the line joining two fixed points 
is the locus of all points equidistant from these points. 

The bisectors of the adjacent angles formed by two lines is 
the locus of all points equidistant from these lines. 

To solve any locus problem involves two things : 

1. To draw the locus by constructing a sufl5.cient number of 
points satisfying the given condition and therefore lying on the 
locus. 

2. To discuss the nature of the locus, that is, to determine 
properties of the curve, t 

Analytic Geometry is peculiarly adapted to the solution of 
both parts of a locus problem. 

25. Equation of the locus of a point satisfying a given 
condition. Let us take up the locus problem, making use of coor- 
dinates. If any point P satisfying the given condition and there- 
fore lying on the locus be given the coordinates (x^ y), then the 
given condition will lead to an equation involving the variables 
X and y. The following example illustrates this fact, which is 
of fundamental importance. 

* The word " curve" will hereafter signify any continuous line^ straight or curved, 
t As the only loci considered in Elementary Geometry are straight lines and circles, 

the complete loci may be constructed by ruler and compasses, and the second part is 

relatiyely unimportant. 

44 
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Bz. 1. Find the eqiutiou in x and ^ if the point whose locus la required 
BhaU be equidistant from A (~ 2, 0) and £(- 3, 8). 

SobUwn. Let P(z, y) be an j point on the iocua. Then by the given condition 

(1) FA = FB. 
But, by formula IV, p. 24, 

FA ^ y /(x + 2)' + {y- 0)', 

Substituting in (1), 

(2) V(a; + 2)'^ + (y^ 

= V(i + S).! + (y - 8)". 
Squaring sad reducing, 

(3) 2i-lCj/ + 69 = 0. 

In the equation (3), » and y are variabUs representing tlie coordinates of 
any point on the locus, ttiat is, of any point on the perpendicular bisector of 
the line AB. This equation has tiro important and characteristic propertJee : 

1. The coordinates of any point on the locus may be substituted for x 
and V in the equation (3), and the result will be true. 

For let Pi (i|, ]/i) be any point on the locus. Then FiA = PiB, by defi' 
nition. Hence, by formula IV, p. 24, 

(4) V(i, + 2)1 + i/i^ = V(i, + 3)» + (1/1 - 8)3, 
or, squaring and reducing, 

(5) 2i,-16!,i + 68 = 0. 
Therefore Xi and ^i satisfy (3). 

2. Conversely, every point whose coordinates satisfy (3) will lie upon the 

For if Pi (zi, yi) is a point whose coordinates satisfy (3), then (Q) is true, 
and hence also (4) holds. q.b.d. 

fu particular, the coordinates of the middle point C of .^ and B, namely, 
x = -2i,v-i (CoroUaxy, p. 82), satisfy (3), since 2(-2i)-10 x 4 +60 = 0. 

This example illustratea the following correspondence between 

Pure and Analytic Geometry as r^ards the locus problem ; 

Locus problem 

Pure Geometry Analytic Geometry 

Thegeometricalcondition(satis- An equation in the variables x 

fied by every point on the andyrepresentingcoflrdinates 

locus), {satisfied by the coordinates 

of every point on the locus). 
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This discussion leads to the fundamental definition : 

The equation of the locus of a point satisfying a given condition 
is an equation in the variables x and y representing coordinates 
such that (1) the coordinates of every point on the locus will 
satisfy the equation; and (2) conversely, every point whose 
coordinates satisfy the equation will lie upon the locus. 

This definition shows that the equation of the locus must be 
tested in two ways after derivation, as illustrated in the example 
of this section and in those following. 

From the above definition follows at once the 

Corollary. A point lies upon a curve when and only when its 
coordinates satisfy the eqiuition of the curve, 

26, First fundamental problem. To find the equation of a 
curve which is defined as the locus of a point satisfying a given 
condition. 

The following rule will suffice for the solution of this problem 
in many cases : 

Rule. First step. Assume that P (x, y) is any point satisfying 
the given condition and is therefore on the curve. 

Second step. Write down the given condition. 

Third step. Express the given condition in coordinates and 
simplify the result. The final equation^ containing x, y, and the 
given constants of the problem, will be the required equation, 

Ex. 1. Find the equation of the straight line passing throaghPi(4, — 1) 
and having an inclination of — — • 

SoliUion. First step. Assume P(ar, y) any point 
on the line. 

Second step. The given condition, since the incli- 
nation a is — , may be written 
4 

(1) Slope of PiP = tan a = - 1. 
Third step. From (V), p. 28, 

(2) Slope of PiP = tan a = 



^ 
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yi-y% y + 1 



Xi — Xq X — 4 
[By substituting (x, y) for (a^, y^), and (4, — 1) for {z^ y^.] 
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/. from (1), 



y + l 



= -1, 



or 
(3) 



« + y — 8 = 0. Ans, 



To prove that (3) is the required equation : 

1. The coordinates (xi, yi) of any point on the line will satisfy (8), for 
the line joins (Xi, yi) and (4, — 1), and its slope is — 1 ; hence, by (V), p. 28, 
substituting (4, — 1) for(a^, ys), 

_l = ?L±i, oraji + yi-3 = 0, 
Xi — 4 

and therefore xi and yi satisfy the equation (3). 

2. Conversely, any point whose coordinates satisfy (3) is a point on the 
straight line. For if (xi, yi) is any such point, that is, if Xi + yi — 3 = 0, then 

also — 1 = — is true, and (xi, yi) is a point on the line passing through 

(4, — 1) and having an inclination equal to — • q.b.d. 



Ex. 2. Find the equation of a straight line parallel to the axis of y and 
at a distance of 6 units to the right. 

Solution, First step. Assume that P(x, y) is 
any point on the line, and draw NP perpendicular 

to or. 

P^ Second step. The given condition may be 
written 

(4) NP = 6. 
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Third step. Since NP = OM = x, (4) becomes 
(6) X = 6. An8, 



The equation (6) is the required equation : 

1. The codrdinates of every point satisfying the given condition may be 
substituted in (5). For if Pi(xi, yi) is any such point, then by the given 
condition Xi = 6, that is, (xi, yi) satisfies (5). 

2. Conversely, if the codrdinates (xi, yi) satisfy (5), then xi = 6, and 
-^i(2if Vi) is at a distance of six imits to the right of YY\ q.b.d. 

The method above illustrated of proving that the derived equation has the 
two characteristic properties of the equation of the locus should be carefully 
studied and applied to each of the following examples. 
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Ex. 3. Find tbe equEiUon of the lociu ot & point whose distance from 
(— I, 2) ia always eqnal to 4. 

Solution. FfrslBtep. AssuniethatP(x,y) . 
ia any point on tlie locns. 

Second step. Denoting (— li 2) by C, 
the given condition is 

(6) PC = 4. 

Tliird step. B; formula (IV), p. 24, 

PC = V(a! + 1)« + (v- 2)". 
SnbBtituting in (fl), 

V(i + l)a + (V-2)" = 4. 
Squaring and reducing, 

(7) i> + !/* + 2x-4i*-n = 0. 

Tliia Is tlie required equation, namely, tlie equation of the circle nhose 
center is (— 1, 2) and radius equals 4. Tbe metliod of proof is the same 
as that of the preceding examples. 

PROBLEMS 
1. Find the equation of a line parallel to OT and 

(a) at a distance of 4 nnits to the right. • 

(b) at a distance of 7 tmiu to the left 

(c) at a distance ot 2 uuils to the right of (3, 2). 

(d) at a distance of 5 unlla to the left of (2, - 2). 

5. What is tbe equation of a line parallel to OT aod a —b units from It t 
How does this line lie relative to OT ifa>6>0? ifO>6>a? 

t. Find tbe equation of a line parallel to OX and 

(a) at a distance of 3 units above OX. 

(b) at a distance of S units below OX. 

(c) at a distance of 7 units above (— 2, — 3). 

(d) at a distance of 5 units below (4, — 2). 
4. Wbat is the equation of XX"? of TT'? 

B. Find the equation of a line parallel to the line x = i and 3 nnits to tbe 
right of It. Eight units to the left of it. 

6. Find the equation of a line parallel to the line v = — 2 and 4 units 
below it. Five unlta above It. 

7. How does the line y = a - 6 lie if a > 6 > ? if 6 >(i > f 
B. Wbat is liie equation ot the axis ot stt of tbe axis of y F 
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9. What is the equation of the locus of a point which moves always at 
a distance ^of 2 units from the axis of x ? from the axis of 2^ ? from the line 
a: = — 6 ? from the line y = 4 ? 

10. What is the equation of the locus of a point which moves so as to 
he equidistant from the lines x = 5 and x = 0? equidistant from y = S and 
y=-7? 

11. What are the equations of the sides of the rectangle whose vertices 
are(5,2), (5,5), (-2,2), (-2, 6)? 

In problems 12 and 13, Pi is a given point on the required line, m is the 
slope of the line, and a its inclination. 

12. What is the equation of a line if 

(a) Pi is (0, 3) and m = - 3? Ans. 3x + y - 3 = 0. 



(c) Pi is (- 2, 3) andm = — ? Ans. V2x -2y + 6-|-2V2 = 0. 



(b) Pi is (- 4, - 2) and m = i? Ana, x-3y-2 = 0. 

2 

V3 

(d) Pi is (0, 6) and m = ? Arts, Vsx - 2y + 10 = 0. 

2 

(e) Pi is (0, 0) and w = - | ? Ana. 2x + 8y = 0. 

(f) Pi is (a, b) and m = ? Ana. y = b, 

(g) Pi is (— a, b) and m = oo ? Ana. x = — a. 

18. What is the equation of a line if 

(a) Pi is (2, 3) and a = 45°? Ana. x - y + 1 = 0. 

(b) Pi is (-1, 2) and a = 46°? ' ^rw. x - y + 3 = 0. 

(c) Pi is ( - a, — 6) and a = 45° ? Ana. x — y = b — a. 

(d) Pi is (5, 2) and a = 60°? Ana. VSx - y + 2 - 6^3 = 0. 

(e) Pi is (0, - 7) and a = 00°? Ana. VSx - y - 7 = 0. 

(f) Pi is (- 4, 5) and a = 0°? Ana. y = 6. 

(g) Pi is (2, - 3) and a = 90°? Ana. x = 2. 

(h) Pi is (3, - 3 VS) and a = 120°? Ana. Vsx + y = 0. 

(i) Pi is (0, 3) and a = 150°? Ana. Vsx + 3y - 9 = 0. 

(j) Pi is (a, b) and a = 135° ? Ana. X'^y = a-\-b. 

14. Are the points (3, 9), (4, 6), (5," 5) on the line 3x + 2y = 25? 
16. Find the equation of the circle with 

(a) center at (3, 2) and radius = 4. Ana. x^ + y^ — 6x — 4y — 3 = 0. 

(b) center at (12, - 5) and r = 13. Ana. x^ + yS _ 24x + lOy = 0. 

(c) center at (0, 0) and radius = r. Ans. x^ -f- y2 _ ,.2. 

(d) center at (0, 0) and r = 5. Ana. x^-\-y^ = 26. 

(e) center at (3 a, 4 a) and r = 5 a. Ana. x^ -f y2 _ 2 a (3 x + 4 y) = 0. 

(f) center at (6 + c, 6 — c) and r = c. 

Ana. x2 + y2 - 2 (6 + c)x - 2 (6 - c)y + 2 62 + c2 = 0. 
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V$. Find tbe equation cf a Girde -wiraae oentfsr ie (5, — 4) Hid wboBb 
«irciuafeFeztce passes throng tbe pcmxt (— 2, 3). 

17. Find ti^e eqastioo of a circle lumng the line jcomng ^ — 5) and 
{—2,2) as & dtasteter. 

X$. Find tbe eqoation of a circle touching each axis st a fHstanfifi 6 nnita 

iron Oke origin. 

19. Find the equation of a circle whose oeaiiter is the middle point of the 
line joining ( — 6, 8) to the origin and whose drcumfeiaioe passes throqg^ 
tbe point (2, 3). 

t9, A point moTes so that its distances from the two fixed points ^ — 3) 
ajod (—1,4) are equaL Find the equation of the locus azid ploL 

AnM. 3x — 7ir + 2 = 0. 

91, Find the equation of the peipendicalar hisector of the line joining 

(a) (2, 1), (- 3, - 3). Ann. lOx + 8y + 13 = 0. 

(b) (3, 1), (2, 4). Ans. x-3y + 6 = 0. 

(c) (~ 1, - 1), (3, 7). Am. x + 2y-7 = 0. 

(d) (0, 4), (3, 0). Ant, 6x-8y + 7=0. 

(e) (xu Vi), {Xi, Vi). 

Am, 2(xi - X2)x + 2 (i/i - yi)y + xj» - xi* + yj" - yi* = 0. 

22, Show that in problem 21 the coordinates of the middle point of 
tbe line joining the given points satisfy the equation of the perpendicular 
bisector. 

28. Find the equations of the perpendicular bisectors of the sides of the 
triangle (4, 8), (10, 0), (6, 2). Show that they meet in the point (11, 7). 

84. Express by an equation that the point (h, k) is equidistant from 
(- 1, 1) and (1, 2) ; also from (1, 2) and (1, - 2). Then show that the point 
Ih 0) is equidistant from (- 1, 1), (1, 2), (1, - 2). 

27. General equations of the straight line and circle. The 

methods illustrated in the preceding section enable us to state 
the following results: 

1. A straight line parallel to the axis of t/ has an equation of 
the form x = constant. 

2. A straight line parallel to the axis of x has an equation of 
the form y =: constant. 
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Theorem I. The equation of the straight line passing through a 
point B (0, h) on tJie axis of y and having its slope equal to m is 

(I) y = mic + b, 

Froof First step. Assume that P (x, y) is any point on the line. 
Second step. The given condition may be written 

Slope of PB = m. 

Third step. Since by Theorem V, p. 28, 

Slope of PB = ^-^^y 
[Sabstitating (aj, y) for (sci, yi) and (0, 6) for (a;2, ^2)] 

then ^ = m, or y = mx + h. q.b.d. 

# X 

Theorem n. The equation of the circle whose center is a given 
point (a, P) and whose radius equals r is 

(II) a?* + y* - 2aa? - 2 /8y + a* + j9* - r« = O. 

Proof First step. Assume that P (x, y) is any point on the 

locus. 

Second step. If the center (a, P) be denoted by C, the given 

condition is 

PC = r. 

Third step. By (IV), p. 24, 

PC =^'>J{x - af ^{y - ~Pf. 

.-. ^(x-ay-^riy-Pf = r. 
Squaring and transposing, we have (II). q.b.d. 

Corollary. The equation of the circle whose center is the origin 
(0, 0) and whose radius is r is 

X* + y* = r*. 

The following facts should be observed : 

Any straight line is defined by an equation of the first degree 
in the variables x and y. 

Any circle is defined by an equation of the second degree in 
the variables x and y, in which the terms of the second degree 
consist of the sum of the squares of x and y. 



62 ANALYTIC GEOMETRY 

28. Locus of an equation. The preceding sections have illus- 
trated the fact that a locus problem in Analytic Geometry leads 
at once to an equation in the variables x and y. This equation 
having been found or being given, the complete solution of the 
locus problem requires two things, as already noted in the first 
section (p. 44) of this chapter, namely, 

1. To draw the locus by plotting a sufl&cient number of points 
whose coordinates satisfy the given equation, and through which 
the locus therefore passes. 

2. To discuss the nature of the locus, that is, to determine 
properties of the curve. 

These two problems are respectively called : 

1. Plotting the locus of an equation (second fundamental 
problem). 

2. Discussing an equation (third fundamental problem). 

For the present, then, we concentrate our attention upon some 
given equation in the variables x and y (one or both) and start 
out with the definition : 

The locus of an equation in two variables representing coordinates 
is the curve or group of curves passing through all points whose 
coordinates satisfy that equation,* and through such points only. 

From this definition the truth of the following theorem is at 
once apparent : 

Theorem in. If the form of the given equation he changed in any 
way (for example, by transposition, by multiplication by a constant, 
etc."), the locus is entirely unaffected. 

* An equation in the variables x and y is not necessarily satisfied by the coordinates of 
any points. For coordinates are real numbers, and the form of the equation may be such 
that it is satisfied by no real values of x and y. For example, the equation 

is of this sort, since, when x and y are real numbers, x* and y* are necessarily positive 
(or zero), and consequently afl+y* + l\B always a positive number greater than or equal 
to 1, and therefore not equal to zero. Such an equation therefore has no locus. The 
expression "the locus of the equation is imaginary** is also used. 

An equation may be satisfied by the coordinates of a flnite number of points only. 
For example, x* + y^=iO is satisfied by a;=0, y = 0, but by no other real values. In this 
case the group of points, one or more, whose coordinates satisfy the equation, is caUed 
the locus of the equation. 
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We now take up in order the solution of the second and third 
fundamental problems. 

29. Second fundamental problem. 

Rule to plot the locus of a given equation. 

First step. Solve the given equation for one of the variables in 
terms of the other,* ^ 

Second step. By this formula compute the values of the vari- 
able for which the eqtuition has been solved by assuming real 
values for the other variable. 

Third step. Plot the points corresponding to the values so 
determined.^ 

Fourth step. If the points are numerous enough to suggest the 
general shape of the locus, draw a smooth curve through the points. 

Smce there is no limit to the number of points which may be 
computed in this way, it is evident that the locus may be drawn 
as accurately as may be desired by simply plottmg a suflB.ciently 
large number of points. 

Several examples will now be worked out and the arrangement 
of the work should be carefully noted. 

Ex. 1. Draw the locos of the equation 
2x-3y + 6 = 0. 

Solution. First step. Solving for y, 

y = |x + 2.' 

.^ Second step. Assume values for x and compute 
v< — ^ — — — y» arranging results in the form : 

Thus, if 

« = 1, y = f • 1 + 2 = 2f , 

aj = 2, y = }.2 + 2=3J, 

etc. 

Third step. Plot the points found. 
Fourth step. Draw a smooth curve 
through these points. 

* The form of the given equation will often be such that solving for one variable \a 
simpler than solving for the other. Altpaya choose the simpler solution. 
t Bemember that real values only may be used as coordinates. 
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Bz. 2. Plot the lociu ot tho eqDAtion 

Solution. First eUp. The equation its given la solved for y. 
Second Bi«p. Computing y by tueumjog values of z, we fled the table of 
values below j 



' 


P 


' 


V 





-3 




-3 


1 


-4 


-1 





2 


-3 


— 2 


5 


3 





-3 


12 


4 


6 


— 4 


21 


6 


12 


etc. 


eW. 


6 
etc 


21 







Third step. Plot the points. 
Fourth step. Draw a smooth ci 
■.am of the figure. 

Ex. 3. Plot the locua of the equation 

3!' + j/' + Qx-m = 0. ■ 

First step. Solving for y, 

y = ±y/ia-Qz-xf. 

Second step. Conpnte y by assuming value* of x. 
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For example, if « = 1, y = ± Vl6 -0-1 = ± 3 ; 

if « = 3, y = ±Vl6-18-9 = ±Virii, 
an imaginary number ; 

if X = - 1, y = ± Vie + 6-1 = ± 4.6, 

etc. 

Third step. Plot the corresponding points. 

Fourth step. Draw a smooth curve through these points. 

PROBLEMS 

1. Plot the locus of each of the following equations. 

(a) X + 2 y = 0. 

(b) x + 2y = 3. 

(c) 3x- y + 6 = 0. 

(d) y = 4x2. 

(e) x2 + 4y = 0. 

(f) y = x2 - 3. 

(g) xa + 4y-5 = 0. 
(h) y = x2 + X + 1. 

(i) X = y2 + 2 y - 3. 

(j) 4x = y«. 
(k) 4x = y»-l. 

(1) y = x« - 1. 

(m) y = X* — X. 

(n) y = x' — x^ — 5. 



(p) x2 + y2 = 9. 






(q) x2 + y2 = 25- 






(r) xa + y2 + 9x = 


= 0. 




(8) x2 + y2 + 4 y = 


= 0. 




(t) x« + y2--6x- 


-16: 


= 0. 


(u) x2 + y2_6y- 


-16: 


= 0. 


(v) 4y = x*-8. 






(w) 4x = y* + 8. 






(±\ V— * 






^^^^■"l+x» 




''>"^- 






(z) « = :r— :;• 







(o) X* + ya = 4. ^ ' 1 + y 

8. Show that the following equations have no locus (footnote, p. 62). 

(a) x2 + y* + 1 = 0. (f) x2 + ya + 2x + 2y + 3 = 0. 

(b) 2x2 + 3y2 = - 8. ^ (g) 4x2 + y* + 8x + 6 = 0. 

(c) x2 + 4 = 0. (h) y* + 2x2 + 4 = 0. 

(d) x* + y2 + 8 = 0. (i) 9x2+4y2+18x+8y+16=0. 

(e) (x + l)2 + y2 + 4 = 0. (j) x2 + xy + y2 + 3 = 0. 

Hint. Write each equation in the form of a Bum of squares and reason as in the foot- 
note on p. 62. 

30. Principle of comparison. In Ex. 1, p. 53^ and£x. 3, p. 54^ 
we can determine the nature of the locus, that is, discuss the equa- 
tion, by making use of the formulas (I) and (II), p. 61. The 
method is important^ and is known as the principle of compariaon. 
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The nature of the locus of a given equation may he determined 
by comparison with a general known equation, if the latter becomes 
identical with the given equation by assigning particular values to 
its coefficients. 

The method of making the comparison is explained in the 
following 

Rule. First step. Change the form* of the given eqtwiion (if 
necessary) so that one or more of its terms shall be identical with 
one or more terms of the general equation. 

Second step, EquMe coefficients of corresponding terms in the 
two equations, supplying any terms missing in the given equation 
with zero coefficients. 

Third step. Solve the equations found in the second step for 
the values^ of the coefficients of the general equation, 

Ex. 1. Show that 2x — 32^ + 6 = is the equation of a straight line 
(Fig., p. 63). 

SolntioTi, First step. Compare with the general equation (I), p. 61, 

(1) y = mx + 6. 

Put the given equation in the form of (1) by solving for y, 

(2) y=fx + 2. 

Second step. The right-hand members are now identical. Equating 
coefficients of x, 

(3) m = f 

Equating constant terms, 

(4) 6 = 2. 

Third step. Equations (3) and (4) give the values of the coefficients m 
and 6, and these are possible values, since, p. 27, the slope of a line may 
have any real value whatever, and of course the ordinate h of the point 
(0, h) in which a line crosses the F-axis may also be any real number. There- 
fore the equation 22 — 3^ + 6 = represents a straight line passing through 
(0, 2) and having a slope equal to J. q.x.d. 

*This transformation is called "putting the given equation in the form" of the 
general equation. 

t The values thus found may be impossible (for example, imaginary) values. This 
may indicate one of two things,— that the giyen equation has no locus, or that it oannol 
be put In the form required. 
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Ex. 2. Show that the locus of 

(5) x2 + y2 + 6x-16 = 
is a circle (Fig. , p. 54). 

Solution. First step. Compare with the general equation (H), p. 61, 

(6) x2 4- y2 _ 2 ax - 2 /Sy + cr^ + i32 - r3 = 0. 

The right-hand members of (5) and (6) agree, and also the first two terms, 

Second step. Equating coefficients of x, 

(7) - 2 a = 6. 

Equating coefficients of y, 

(8) -2/3 = 0. 

Equating constant terms, 

(9) a^ + /33 - r2 = - 16. 

Third step. From (7) and (8), 

a = - 3, /3 = 0. 

Substituting these values in (9) and solving for r, we find 

r2 = 25, or r = 5. 

Since a, /3, r may be any real numbers whatever, the locus of (5) is a 
circle whose center is (— 3, 0) and whose radius equals 5. 



PROBLEMS 

1. Plot the locus of each of the following equations. Prove that the locus 
is a straight line in each case, and find the slope m and the point of inter- 
section with the axis of y, (0, 6). 

(a) 2x + y - 6 = 0. Ans. m = - 2, 6 = 6. 

(b) x-3y + 8 = 0. Ans. m = J, 6 = 2f. 

(c) X + 2y = 0. Ans, m = - i, 6 = 0. 

(d) 5x - 6y - 5 = 0. Ans. tm = f , 6 = - f . 

(e) ix-|y-J = 0. Ans. m = i,h = -^. 

(f) I - ^ - 1 = 0. Ans. m = 4, 6 = - 6. 
6 6 

{g)7x-8y = 0. -4na. m = J, 6 = 0. 

(P) f»-}y-} = 0. Ans. m=zl,b = ''l^. 
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2. Plot the locus of each of the equations following, and prove that the 
Idcus is a circle, finding the center (a, /3) and the radius r in each case. 

(a) x2 + y«-16 = 0. Ans, (a, /3) = (0, 0); r = 4. 

(b) xa + 1^ - 49 = 0. Ans. (a:, /3) = (0, 0); r = 7. 

(c) x2 + y* - 25= 0. Am. (a, /3) = (0, 0); r = 6. 

(d) x2 + 1/2 + 4x = 0. Ana. (or, /3) = (- 2, 0); r = 2. 

(e) x2 + y2 - 8y = 0. Ana. (a, /3) = (0, 4); r = 4. 

(f) x3+y2 + 4x-8y = 0. ^n«. (a, /3) = (- 2, 4); r = V20. 

(g) x2 + y^ - 6x + 4y - 12 = 0. Ans. (a, /3) = (3, - 2); r = 6. 
(h) x2 + y^ - 4x + 9y - } = 0. ^n«. (a, /3) = (2, - f); r = 6. 

(i) 3x2 4. 3y2 - 6x - 8y = 0. ^n«. (a, (3) = (lj|); r = f 

The following problems illustrate cases in which the locus 
problem is completely solved by analytic methods, since the loci 
may be easily drawn and their nature determined. 

8. Find the equation of the locus of a point whose distances from the 
axes XX' and YY' are in a constant ratio equal to }. 

Ans. The straight line 2 x — 3 y = 0. 

4. Find the equation of the locus of a point the sum of whose distances 
from the axes of coordinates is always equal to 10. 

Ans. The straight line x + y — 10 = 0. 

5. A point moves so that the difference of the squares of its distances 
from (3, 0) and (0, — 2) is always equal to 8. Find the equation of the 
locus and plot. 

Ans. The parallel straight lines 6x + 42/ + 3 = 0, 6x + 42/-13 = 0. 

6. A point moves so as to be always equidistant from the axes of coor- 
dinates. Find the equation of the locus and plot. 

Ans. The perpendicular straight lines x + y = 0, x — y = 0. 

7. A point moves so as to be always equidistant from the straight lines 
X — 4 = and y + 5 = 0. Find the equation of the locus and plot. 

Ans. The perpendicular straight lines x — y — 9 = 0, x + y + l = 0. 

8. Find the equation of the locus of a point the sum of the squares of 
whose distances from (3, 0) and (—3, 0) always equals 68. Plot the locus. 

Ans. The circle x^ + y2 = 26. 

9. Find the equation of the locus of a point which moves so that its dis- 
tances from (8, 0) and (2, 0) are always in a constant ratio equal to 2. Plot 
the locus. Ans. The circle x^ + y^ = 10. 

10. A point moves so that the ratio of its distances from (2, 1) and (— 4, 2) 
la always equal to \. Find the equation of the locus and plot. 

Ans. The circle 3x2 4-3y«-24x-4y = 0. 
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In the proofs of the following theorems the choice of the axes 
of coordinates is left to the student, since no mention is made 
of either coordinates or equations in the problem. In such cases 
always choose the axes in the most convenient manner possible. 

11. A point moves so that the sum of its distances from two perpendicular 
lines is constant. Show that the locus is a straight line. 

Hint, Choosing the axes of coordinates to coincided with the giyen lines, the equation 
is a; + y = constant. 

13. A point moves so that the difference of the squares of its distances 
'from two fixed points is constant. Show that the locus is a straight line. 

I Hint. Draw XX^ through the fixed points, and Y Y^ through their middle point. Then 

the fixed points may be written (a, 0) , (- a, 0), and if the ''constant difference " be denoted 
by it, we find for the locus \ax=kQit \ax — — k. 

18. A point moves so that the sum of the squares of its distances from 
two fixed points is constant. Prove that the locus is a circle. 
HxnU Choose axes as in problem 12. 

14. A point moves so that the ratio of its distances from two fixed points 
is constant. Determine the nature of the locus. 

^718. A circle if the constant ratio is not equal to unity and a straight 
line if it is. 

The following problems illustrate the 

Theorem. If an equation can he put in the form of a produjct of 
variable factors equal to zero, the hcv3 is found by setting each fac- 
tor equal to zero and plotting the locus of each equation separately, 

16. Draw the locus of 4x^ — 9y^ = 0, 

Solution. Factoring, 

(1) (2x-3y)(2x + 3y) = 0. 

Then, by the theorem, tJie locus consists of the straight lijies 

(2) 2x-3y = 0, 

(3) 2x + 3y = 0. 

Proof. 1. The coordinates of any point (xi, yi) which satiny (1) wiU 
satisfy either (2) or (3). 

For if (xi, yi) satisfies (1), 

(4) (2xi - 3yi) (2X1 + 3yi) = 0. 
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This product can vanish only when one of the factors is zero. Hence 

either 

2xi-3yi = 0, 

and therefore (xi, 2/1) satisfies (2) ; 

or 2xi + 3yi = 0, 

and therefore (xi, 2^1) satisfies (3). 

2. A point (xi, yi) on either of the lines d^ned by (2) and (3) wiU also 
lie on the locus of (1). 

For if (xi, yi) is on the line 2 x ~ 3 y = 0, 

then (Corollary, p. 46) 

(6) 2xi-3yi = 0. 

Hence the product (2 xi — 3 y{) (2 Xi + 3 y{) also vanishes, since by (6) the 
first factor is zero, and therefore (xi, yi) satisfies (1). 

Therefore every point on the locus of (1) is also on the locus of (2) and 
(3), and conversely. This proves the theorem for this example. q.e.d. 

16. Show that the locus of each of the following equations is a pair of 
straight lines, and plot the lines. 

(a) x2 - y2 = 0. (j) 3x2 4. xy - 2y2 4. 6x - 4y = 0. 

(b) 9x2 - y2 = 0. (k) x2 - y2 4. x 4- y = 0. 

(c) x2 = 9y2. (1) x2 - xy + 5x - 5y = 0. 

(d) x2 - 4x - 6 = 0. (m) x2 - 2xy + y2 ^. 6x - 6y = 0. 

(e) y^-6y = 7. (n) x2 - 4y2 -j. 5x + lOy = 0. 

(f) y2 _ 5xy + 6y = 0. (o) x2 + 4xy + 4y2 + 5x + lOy -f 6 = 0. 

(g) xy - 2x2 _ 3a. _ 0. (p) x2 + 3xy + 2y^ + x + y = 0. 

(h) xy - 2x = 0. (q) x2 - 4xy - 5y2 + 2x - lOy = 0. 

(i) xy = 0. (r) 3x2 - 2xy - y2 4- 5x - 6y = 0. 

17. Show that the locus of Ax'^ + Ex + C = is a pair of parallel lines, a 
single line, or that there is no locus according asA = ^ — 4^Cis positive, 
zero, or negative. 

18: Show that the locus of -4x2 + Bxy -f Cy2 = is a pair of intersecting 
lines, a single line, or a point according asA = ^ — 4-4C is positive, zero, 
or negative. 

31. Third fundamental problem. Discussion of an equation. 

The method explained of solving the second fundamental prob- 
lem gives no knowledge of the required curve except that it 
passes through all the points whose coordinates are determined 
as satisfying the given equation. Joining these points gives a 
curve more or less like the exact locus. Serious errors may be 
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made in this way, however, since the nature of the curve between 
any two auecesaive points plotted ia not determined. This objection 
ie somewhat obviated by determining before plotting certain prop- 
erties of the loeua by a discussion of the given equation now to 
be explained. 

The nature and properties of a locus depend upon the form of 
its equation, and hence the steps of any discussion must depend 
upon the particular problem. In every case, however, the fol- 
lowing questions should be answered. 

1. Is the curoe a closed cu-rve or does it extend out infinitely far? 

2. Is the curve symmetrical with respect to either axis or the 



The method of deciding these questions is illustrated in the 
following examples. 

Ex. 1. Plot the locoa of 
<1) I'-^4J/« = 16. , 

Discuss the equation. 

SolutUM. First step. Solving for x, 
(2) ir = ±2V4^. 

Second step. Asrame values ol j/ and compute z. This {^vea the-table. 

Third Btep. Plot the points of the table. 

Fourth BMp. Disw a Bmooth carve tbroogb these points. 
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+ i 





±4 





+ 3.4 
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+ S.i 


-1 
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±2.7 


It 


±2.7 


-U 


- 





2 





-2 


- 


imag. 


8 


imag. 


-3 


^ 



DiacuMion. 1. Equation (1) shons that neither x nor y can be indefi- 
nitely great, since x^ and 4^* are poBitive for all real values and their sum 
most equal Ifl. Therefore neither xfl nor 4^ can exceed 10. Heace the 

A second way of proving this is the following : 

From (2), the ordinate ji cannot exceed 2 nor be leas than — 2, since the 
expression i — y* beneath the radical must not be amative. (2) also shows 
that X has values only from — 4 to 4 inclusive. 
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2. To determine the symmetry with respect to the axes we proceed as 
follows : 

The equation (1) contains no odd powers otxory; hence it may be writ- 
ten in any one of the forms 

(3) (a;)2 + 4 (- y)2 = 16, replacing (a;, y) by (a;, - y) ; 

(4) (_ a;)2 + 4 (y)2 = 16, replacing (a, y) by (- », y) ; 
(6) (-. x)2 + 4(- y)2 = 16, replacing (a;, y) by (- », - y). 

The transformation of (1) into (3) corresponds in the figure to replacing 
each point P(Xy y) on the curve by the point Q(x, — y). But the points P 
and Q are symmetrical with respect to XX\ and (1) and (3) have the same 
locus (Theorem III, p. 52). Hence the locus of (1) is unchanged if each point 
is changed to a second point symmetrical to the first with respect to XX\ 
Therefore the locus is symmetrical with respect to the axis of z. Similarly 
from (4), t?ie locus is symmetrical loith respect to the axis ofy^ and from (5), 
the locus is symmetrical with respect to the origin. 

The locus is called an ellipse. 

Ex. 2. Plot the locus of 

(6) y2-4x + 15 = 0. 

Discuss the equation. 

Sohdion. First step. Solve the equation for x, since a square root would 
have to be extracted if we solved for y. This gives 

(7) x = J(y2 + l5). 
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±4 


10 


±5 


12| 


±6 


etc. 


etc. 




Second step. Assume values for y and compute x. 
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Since ^ only appears in the equation, positive and negative values of y 
give the same value of z. The calculation gives the table on p. 62. 

For example, if ^ = ± 3, 

then « = J (9 + 15) = 6, etc. 

Third step. Plot the points of the table. 

Fourth step. Draw a smooth curve through these points. 

Discussion. 1. From (7) it is evident that z increases as y increases. 
Hence tJie curve extends out, ind^nitely far from both axes. 

2. Since (6) contains no odd powers of y, the equation may be vnritten in 

^^^""^ (_y)2_4(x) + 16 = 

by replacing (x, y) by (x, — y). Hence the locus is symmetrical with respect 
to the axis ofx. 

The curve is called a parabola. 

Ex. 3. Plot the locus of the equation 
(8) xy-2y-i=0. 

Solution. First step. Solving for y, 

4 



(9) 



y = 



X-2 



Second step. Compute y, assuming values for x. 

When X = 2, y = J = 00. 

In such cases we assume values differing 
slightly from 2, both less and greater, as in 
the table. 

Third step. Plot the points. 

Fourth step. Draw the curve as in the 
figure in this case, the curve having two 
branches. 

1. From (9) it appears that y diminishes 
and approaches zero as x increases indefi- 
nitely. The curve therefore extends indefi- 
nitely far to the right and left, approaching 
constantly the axis of x. If we solve (8) for 
X and write the result in the form 

4 

x = 2 + -, 

y 

it is evident that x approaches 2 as y increases 
indefinitely. Hence the locus extends both 
upward and downward indefinitely far, approaching in each case the line x =2. 
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2. The equation cannot be transformed by any one of the three sabstitations 

(a;, y) into («, - y), 
(X, y) into (-«, y), 
(X, y) into (- x, - y), 

without altering it in such a way that the new equation will not have the 
same locus. The locus is therefore not symmetrical with respect to either 
axis, nor with respect to the origin. 
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This curve is called an hyperbola. 



Ex. 4. Draw the locus of the equation 



(10) 



4y = x*. 
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5oZM*ion. First step. Solving for y, 
y = Jx«. 

Second step. Assume values for x 
and compute y. Values of x musi &e 
taken between the integers in order to 
give points not too far apart. 

For example, if 

y = J.iii = i^ = 8ii,et». 
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Third step. Plot the points thus found. 
Fourth step. The points determine the curve of the 
figure. 

DisctJiAsion, 1. From the given equation (10), x and 
y increase simultaneously, and therefore the curve 
extends out indefinitely from both axes. 

2. In (10) there are no even powers nor constant 
term, so that by changing signs the equation may be 
written in the form 

4(-y) = (-x)8, 

replacing (», y) by (- «, - y). 

Hence the locu8 is symmetrical with respect to the 
origin. 

The locus is called a cubical parabola. 



32. Symmetry. In the above examples we have assumed the 
definition : 

If the points of a curve can be arranged in pairs which are 
symmetrical with respect to an axis or a point, then the curve 
itself is said to be symmetrical with respect to that axis or point. 

The method used for testing an equation for symmetry of the 
locus was as follows : if (05, y) can be replaced by (x, — y) through- 
out the equation without affecting the locus, then if (a, b) is on 
the locus, (a, — b) is also on the locus, and the points of the latter 
occur in pairs symmetrical with respect to XX\ etc. Hence 

Theorem IV. If the locus of an equation is unaffected by replacing 
y ^y —y throughout its equationy the locu^ is symmetrical with 
respect to the a^is of x. 

If the locus is unaffected by changing x to — x throughout its 
equation, the locus is symmetrical with respect to the a>xis of y. 

If the locus is unaffected by changing both x and y to — x and 
— y throughout its equ^ion, the locus is symmetrical with respect 
to the origin. 

These theorems may be made to assume a somewhat different 
form if the equation is algebraic in x and y (p. 10). The locus 
of an algebraic equation in the variables x and y is called an 
algebraic curve. Then from Theorem IV follows 
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Theorem V. Symmetry of an algebraic curre. If no odd 'powers 
of y occur in an equation, the locus is symmetrical with respect to 
XX}; if no odd powers of x occur, the locus is symmetrical with 
respect to YY\ If every term is of even* degree, or every term of 
odd degree, the locus is symmetrical with respect to the origin, 

33. Further discussion. In this section we treat of three more 
questions which enter into the discussion of an equation. 

3. Is the origin dn the curve ? 
This question is settled by 

Theorem VI. The locus of an algebraic equation passes through 
the origin when there is no constant term in the equation. 

Proof The coordinates (0, 0) satisfy the equation when there 
is no constant term. Hence the origin lies on the curve (Corol- 
lary, p. 46). Q.B.D. 

4. What values of x and y are to be excluded ? 
Since coordinates are real numbers we have the 

Rule to determine all values of x and y which must^be excluded. 
First step. Solve the equxition for x in terms of y, and from this 
result determine all values of y for which the computed value of x 
will be imaginary. These lvalues ofy must be excluded. 

Second step. Solve the equxition for y in terms of x, and from 
this result determine all values of x for which the computed value 
of y will be imaginary. These values of x must be excluded. 

The intercepts of a curve on the axis of x are the abscissas of 
the points of intersection of the curve and XX\ 

The intercepts of a curve on the axis of y are the ordinates of 
the points of intersection of the curve and YY'. 

Rule to find the intercepts. 

Substitute y = and solve for real values of x, ITiis gives the 
intercepts on the axis of x. 

Substitute x = and solve for real values of y. This gives the 
intercepts on the axis of y, 

* The ooDBtant term must be regarded as of even (sero) degree. 
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The proof of the rule follows at once from the definitions. 
The rule just given explains how to answer the question: 
5. What are the intercepts of the locus ? 

34. Directions for discussing an equation. Given an equation, 
the following questions should be-answered in order before plot- 
ting the locus. 

1. Is the origin on the locus ? (Theorem VI). 

2. Is the locus symmetrical with respect to the axes or the 
origin? (Theoi'ems IV and V). 

3. What are the intercepts? (Rulcy p. 66). 

4. What values of x and y must he excluded? (Rule, p. 66). 

5. Is the curve closed or does it pass off indefinitely far? (§ 31, 
p. 61). 

Answering these questions constitutes what is called a general 
discussion of the given equation. 

Ex. 1. Give a general discassion of the equation 
(1) «a-4y2 + 10^ = 0. 

Draw the locus. 

Yk 




1. Since the equation contains no constant term, the origin is on the curve. 

2. The equation contains no odd powers of x; hence the locus is symmet- 
rical with respect to TT\ 

3. Putting y = 0, we find se = 0, the intercept on the axis of x. Putting 
X = 0, we find y = and 4, the intercepts on the axis of y. 

4. Solving for X, 

(2) x = ±2Vy2_4y. 
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Hence all values of y between and 4 most be excluded, since for such a 
value y2 _ 4 y is negative. 

Solving for y, 
(3) y = 2 ± i Va;2 + le. 

Hence no value of x is excluded, since x^ -\- 16 is always positive. 

to 

6. From (3), y increases as x increases, and the curve extends out 
indefinitely far from both axes. 

Plotting the locus, using (2), the curve is found to be as in the figure. 
The curve is an hyperbola. 

PROBLEMS 

1. Give a general discussion of each of the following equations and draw 
the locus. 

(a)x2-4y = 0. (n)9y2-x» = 0. 

(b) y2 - 4x -I- 3 = 0. (o) 9ya -I- x8 = 0. 

(9) x2 + 4y2 - 16 = 0. (p) 2xy -I- 3x - 4 = 0. 

(d) 9x2 -I- y2 - 18 = 0. (q) x2 - xy + 8 = 0. 

(e) x2 - 4y2 _ 16 = 0. (r) x2 -|- xy - 4 = 0. 

(f) x2 - 4y2 -I- 16 = 0. (s) x2 -I- 2xy - 3y = 0. 

(g) x2 - y2 -I- 4 = 0. (t) 2xy - y* + 4x = 0. 
(h) x2 - y + X = 0. (u) 3x2 - y -I- X = 0. 

(i) xy - 4 = 0. (v) 4y2 - 2x - y = 0. 

(j) 9y + x» = 0. (w) x2 - y2 + 6x = 0. 

(k) 4x - y8 = 0. (x) x2 + 4y2 + 8y = 0. 

(1) 6x - y* = 0. (y) 9x2 -|- y2 -|- 18x - 6y = 0. 

(m) 5x - y + y3 = 0. (z) 9x2 - y2 + 18x -I- 6y = 0. 

2. Determine the general nature of the locos in each of the following 
equations by assuming particular values for the arbitrary constants, but not 
special values, that is, values which give the equation an added peculiarity.* 

(a) y2 = 2 mx. (f ) x^ - y2 = a^. 

(b) x2 - 2my = mK fe) x2 + y2 = r2. 

/ \ ^ X ?^ - 1 (h) x2 -I- y2 =; 2 rx. 

v°> aa 62-^- (i) x2 + y2 = 2ry. 

(d) 2xy = a2. (j) x2 + y2 = 2 ox -I- 2 6y. 

, . x2 y2 _ (k) ay2 = x^. 

<®>^-^-^- (1) a2y = x». 

• For example, in (a) and (b) m« is a special value. In fact, in all these examples 
sero is a special value for any constant. 
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8. Draw the locus of the equation 

y2 = (x - a) {z -b){x- c), 

(a) when a < 6 < c. (c) when a<h,h = c: 

(b) when a = 6*< c. (d) when a = b = c. 

The loci of the equations (a) to (f ) in problem 2 are all of the 
class known as conies, or conic sectionsy — curves following straight 
lines and circles in the matter of their simplicity. 

A conic section is the locus of a point whose distances from a 
fixed point and a fixed line are in a constant ratio. 

4. Show that every conic is represented by an equation of the second 
degree in x and y. 

Hint. Take Y Y' to coincide with the fixed line, and draw XX' through the fixed point. 
Denote the fixed point by (jpt 0) and the constant ratio by e. 

5. Discuss and plot the locus of the equation of problem 4, . 

(a) when e = 1. The conic is now called a parabola (see p. 68). 

(b) when e < 1. The conic is now called an ellipse (see p. 62). 

(c) when e > 1. The conic is now called an hyperbola (see p. 64). 

6. Plot each of the following. 

(a)x2y-5 = 0. (e)2/ = — ^. (i) x = 2^' 



(b)x2y_y + 2x = 0. (f)y = _^. (j)« = 

y — o 

(c) xy2-4a; + 6 = 0. {g)y = Z — r. (k)4sc = 



(d) x«y-y + 8 = 0. {h)y = - (l)12x = 



X2 


-3x 
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X2 


X2 


-4 


X - 


-3 


x + 1 


X2 


-4 



y-i 
y-2 



y^ 



y2_9 

8y 



x2 + X ' 8 - y2 

36. Points of intersection. If two curves whose equations 
are given intersect, the coordinates of each point of intersection 
must satisfy both equations when substituted in them for the 
variables (Corollary, p. 46). In Algebra it is shown that all 
values satisfying two equations in two unknowns may be found 
by regarding these equations as simultaneous in the unknowns 
and solving. Hence the 

Rule to find the points of intersection of two curves whose equa- 
tions are given. 
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First step. Consider the equations as simultaneous in the coordi- 
nates, and solve as in Algebra. 

Second step. Arrange the real solutions in corresponding pairs. 
These will be the coordinates of aU the points of intersection. 

Notice that only real solutions correspond to common points 
of the two curves, since coordinates are always real numbers. 

Ex. 1. Find the points of intersection of 

(1) » - 7 2/ + 26 = 0, 

(2) a' + ifS = 25. 
Solution. First step. Solving 

(3) je = 7y-25. 
Substituting In (2), 

{ly- 25)> + 3/» = 25. 
Reducing, ]/» - 7 y + 12 = 0. 

.-. V = 3 and 4. 
Substituting in (3) \TU>t in (2)], 

a: = - 4 and + 3. 
S«cond step. Arranging, the points of i 
(3, 4). Ans. 

In Ibe figure the straight line (1) is the locus of equation (1), and the 
circle the locus of (2). 

Ex. 2. Find the points of intersection of the loci of 

(4) 2iS + 3!/" = 35, 
(6) 3a:a-4i/=0. 

Solution. First step. Solving (5) for x\ 
(fl) a^ = Jj'. 

Substitnting in (4) and reducing, 
Ol/' + 8y- 106 = 0. 

.■. i/ = 3 and - y. 
Suhfititutlng in (6) and soMng, 

* = ± 2 and ± i V-210. 
Second step, Arrangliig the real Talaes, we Snd the points of inteieection 
are(+2, 3), (-2. 3). Ara. 

In the figure the ellipse (4) is the locus of (4), and the parabola (5) the 
locus of (6). 
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PROBLEMS 

Find the points of intersection of the following loci. 



8. 



y = 3a;-|-2 



xs 



= 3a;-|-21 
+ y3 = 4/ 



Ana. (6, 1). 

Ana. (0,2), (-f, -f). 



*• y-x = or 
x^ + y2 = a^ 1 
3x + y + a = 0j 



5. 



6. 

7. 



8 



a.2 + y2 _ 4x + 6y - 12 = 
2y = 3x + 3 

x^-y^ = 16 
x« + y« = 41 



} 



xy = 20 



} 



9. 



x» + y2-6x-2y-16 = 



Jy-16 = 1 
-,6y-27 = 0J 



Ana. (0, 0), (16, 16). 

Ana. (0, -a),(--^,-y). 

^n«. (A,fi), (-3, -3). 

wdna. (± 4 \^, 4). 

^fw. (± 5, ± 4), (± 4, ± 5). 

^iw. (- 2, 1), (- H, - H). 



9x2 + 9y2_|.6x 
x2 + y2 = 49 
y = 3x + 6 

^^- ( ^10 10 )' & = ±7Via 



10. "" ' / r >- • For what values of T) are the curves tangent ? 



y2 = 2i)x\ 
"• x2 = 2i)y/' 

4x2 + 2^ = 5 
y2 = 8x 

x^ = 4 ay 
18. 8a> 

y = 



} 



► • 



x2 + 4a2 
x« + y2=:ioo^ 



14. ^ 9x 
^ 2 



15 



xa + ya = 6aa 
x^ = 4 ay 



*■ • 



} 



16. 



62x2 + a2y2 = a26a^ 
x2 + y2 = a2 J 



10 
-4n«. (0, 0), {2p, 2p). 

^n«. (J, 2), (i, - 2). 
Ana. (2 a, a), (—2 a, a). 

^TW. (8, 6), (8, - 6). 

Ana. (2 a, a), ( — 2 a, a). 
Ana. (a, 0), (—a, 0). 
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17. The two loci — -7- = ! and — + ^ = 4 intersect in four points. 

4 9 4 9 

Find the lengths of the sides and of the diagonals of the quadrilateral formed 
by these points. 

Ana. Points^ (± VlO, db f V6). Sides, 2 VlO, 3 Vq, Diagonals, V94. 

Find the area of the triangles and polygons whose sides are the loci of the 
following equations. 

18. 3x + y + 4 = 0, 3a;-5y + 34 = 0, 3x-2y + l = 0. Ana. 36. 

19. x-\-2y=z6,2x-^y = 7,y = x + l. Ana. f 

20. x4- y = a, x-2y = 4a, y-x + 7a = 0. Ana. 12a^. 

21. X = 0, y = 0, X = 4, y = - 6. Ana. 24. 

22. x-y = 0, x + y = 0, x-y = a, x + y = 6. Ana. — . 

23. y = 3x-9, 2/ = 3x + 5, 22/ = x-6, 2y = x + 14. Ana. 56. 

24. Find the distance between the points of intersection of the curves 
3x-22/ + 6 = 0, x2-|-ya = 9. j^^ H^^. 

25. Does the locus of y^ = 4x intersect the locus of 2x + 3y-|-2 = 0? 

Ana. Yes. 

26. For what value of a will the three lines 3x + y — 2 = 0, ax + 2y — 3 = 0, 
2x — y — 3 = meet in a point ? Ana. a = 5. 

27. Find the length of the common chord of x^ + y^ = 13 and y^ = Sx-\-S. 

Ana. 6. 

28. If the equations of the sides of a triangle are x + 7^ + ll = 0, 
3x + y— 7 = 0, x--3y + l = 0, find the length of each of the media ns. 

Ana. 2 V6, J V2, i VlTO. 

Show that the following loci intersect in two coincident points, that is, are 
tangent to each other. 

29. y2_iox_6y-31 =0, 2y-10x = 47. 

80. 9x2 - 4y2 _). 54a; - 16y + 29 = 0, 15x -8^ + 11 = 0. , 

36. Transcendental curves. The equations thus far consid- 
ered have been algebraic in x and y, since powers alone of the 
variables have appeared. We shall now see how to plot certain 
so-called transcendental curves^ in which the variables appear 
otherwise than in powers. The Rule, p. 53, will be followed. 
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Ex. 1. Draw the loons of 

(1) y = logio X. 

Solution, Assuming values for x, y may be computed by a table of loga- 
rithms, or, remembering the definition of a logarithm, from (1) will i oilow 

(2) X = 10*'. 

Hence values may also be assumed for ^, and x computed by (2). This 

is done in the table. 
In plotting, 

unit length on XX' is 2 divisions, 
unit length on FF' is 4 divisions. 

General discussion. 1. The curve does not 
pass through the origin, since (0, 0) does not 
satisfy the equation. 

2. The curve is not symmetrical with re- 
spect to either axis or the origin. 
3. In (1), putting aj = 0, 

y = log = — 00 = intercept on YY\ . 
In (2), putting y = 0, 

jc = 100 = 1 = intercept on XX\ 
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X 


y 


1 





.1 


-1 


3.1 
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.01 


-2 


10 
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.001 


-3 


100 
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.0001 


-4 


etc. 


etc. 


etc. 


etc. 




4. From (2), since logarithms of negative numbers do not exist, aU nega- 
tive values of x are excluded. 

From (2) no value of y is excluded. 

6. From (2), as y increases x increases, and the locus extends out indefi- 
nitely from both axes. 
From (1), as 

X approaches zero, 

y approaches negative infinity ; 

BO we see that the curve extends down indefinitely and approaches nearer 
and nearer to YY\ 
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Ex. 2. Draw the Iocdb of 
(3) y=aina: 

if the abscissa z is the cxTCviar measure of an angle (Chapter I, p. 12). 

Solution. ABsnming values for x and finding the corresponding number 
of degrees, we may compute y by the table of Katural Sines, p. 14. 
For example, if 

x = l, since 1 radian = 67° 29, 

1/ = Bin 57°.2S = .S43. [by (3)] 

It will be more convenient for plotting to choose for x snch values that 
the corresponding number of degrees ia a whole number. Hence x is 
B of n in the table. 

For example, if 



=r=--.v = sin--=^sin_(4,p.l2) 

= - Bin 120°= -wn 60° (5, p. 13) 
= -.86. 
In plotting, three divisionfi being taken 
as the unit of length, lay oS 

AO!=OB = « = S.Ulli, 
and divide AO and OB up into six equal 

The course of the curve beyond B is 
easily determined from the relation 
sin (2 « + x) = Bin x. 
Hence y = Mn x = sin (2 * + x), 
that is, the ourre is jmchanged ^x + 2xbe svbatUided for x. This means, 
boweyer, that every point is moved a distance 2 « to the right. Hence the arc 
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.86 




-.86 




1.00 


x 


-1.00 
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Sir 
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— « 






APO may be moved parallel to XX' until A falls on B, that is, into the 
portion BRC, and it will alto be a part of the curoe in ita new potion. 
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Also, the arc OQB may be displaced parallel to XX^ until O falls upon C 
In this way it is seen that the entire locus consists of an indefinite number 
of congruent arcs, alternately above and below XX'. 

General discussion. 1. The curve passes through the origin, since (0, 0) 
satisfies the equation. 

2. Since sin (— x) = — sin x, changing signs in (3), 

— y = — sin X, 

or — y = sin(— x). 

Hence the locus is unchanged if (x, y) is replaced by (— x, —y), and the 
curve is symmetrical with respect to the origin (Theorem IV, p. 66). 

3. In (3), if X = 0, 

y = sin = = intercept on the axis of y. 
Solving <3) for x, 

(4) X = sin- 1 y. 

In (4), if y=0, 

X = sin-^0 

— riTT, n being any integer. 

Hence the curve cuts the axis of x an indefinite number of times both 
on the right and left of 0, these points being at a distance of tt from one 
another. 

4. In (3), X may have any value, since any number is the circular measure 
of an angle. 

In (4), y may have values from —1 to +1 inclusive, since the sine of an 
angle has values only from — 1 to +1 inclusive. 

5. The curve extends out indefinitely along XX' in both directions, but is 
contained entirely between the lines y = + 1, y = — 1. 

The locus is called the wave curve, from its shape, or the sinusoid, from 
its equation (3). 

PROBLEMS 

Plot the loci of the following equations. 

1. y = cosx. 7. y = 21ogiox. 

1 

2. y = tan X. 8. y = (1 + x)*. 

3. y=:secx. 9. y = sin2x. 

4. y = sin-*x. 10. y = tan -• 

5. y = tan-ix. 11. y = 2cosx. 

6. y = 2^. 12. y = sin X + cos x. 



CHAPTER IV 

THE STRAIGHT LINE AND THE GENERAL EQUATION OF 

THE FIRST DEGREE 

37. The idea of coordinates and the intimate relation connect- 
ing a curve and an equation, which results from the introduction 
of coordinates into the study of Geometry, have been considered 
in the preceding chapters. Analytic Geometry has to do largely 
with a more detailed study of particular curves and equations. 
In this chapter we shall consider in detail the straight line and 
the general equation of the first degree in the variables x and y 
representing coordinates. 

38. The degree of the equation of a straight line. It was 
shown in Chapter III (Theorem I, p. 51) that 

(1) y = fwa? + ^ 

is the equation of the straight line whose slope is m and whose 
intercept on the y-axis is 6; m and b may have any values, 
positive, negative, or zero (p. 27). But if a line is parallel to 
the y-axis, its equation may not be put in the form (1); for, 
in the first place, the line has no intercept on the y-axis, and, 
in the second place, its slope is infinite and hence cannot be 
substituted for m in (1). The equation of a line parallel to the 
y-axis is, however, of the form 

(2) X = constant. 

The equation of any line may be put either in the form (1) or 
(2). As these equations are both of the first degree in x and y 
we have 

Theorem I. The equation of any straight line is of the first degree 

in the coordinates x and y. 

76 
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39. The general equation of the first degree, Ax+By+C=0. 

The equation 

(1) Ax+By + C:=0, 

where A, B, and C are arbitrary constants (p. 1), is called the 
general equation of the first degree in x and y because every equa- 
tion of the first degree may be reduced to that form. 
Equation (1) represents all straight lines. 

For the equation y = mx + b may be written mz — y + b-0, which is of the 
form (1) it A = rrif B = — 1, C = 6 ; and the equation x = constant may be written 
X — constant = 0, which is of the form (1) if ^ = 1, S = 0, C= — constant. 

Theorem H. (Converse of Theorem I.) The locus of the general 
equation of the first degree 

^ar 4- % + C = 
is a straight line. 

Proof Solving (1) for y, we obtain 

(2) y=-5"-:s- 

This equation has the same locus as (1) (Theorem III, p. 52). 

By Theorem I, p. 51, the locus of (2) is the straight line whose | 

A . C 

slope is wt = — — and whose intercept on the F-axis is ft = — -- • 

B B 

If, however, -8 = 0, it is impossible to write (1) in the form 
(2). But if 5 = 0, (1) becomes 

^aj 4- C = 0, 

C 
or cc = — 7 • 

A 

The locus of this equation is a straight line parallel to the 
F-axis (1, p. 50). Hence in all cases the locus of (1) is a straight 
line. Q.E.D. 

Corollary I. 1^ slope of the line 

^aj 4- 5y + C = 

is m = — - ; that is, the coefficient of x with its sign changed 
B 

divided hy the coefficient of y. 



78 ANALYTIC GEOMETRY 

Corollary IL The lines 

and ^'aj-f -BV4- ^' = ^ 

are parallel when and only when the coefficients of x and y are 

proportional; that is, 

A^_B 

For two lines are parallel when and only when their slopes are equal (Theorem 
VI, p. 29) ; that is, when and only when 

_A__A^ 
B B'' 

Changing the signs and applying alternation, we obtain 

A' B'' 

Corollary UL The lines 

Ax'\-By-\'C==0 
and A'x -^ B'y -\- C z= 

are perpendicular when and only when 

AA^ -{-BB' = 0. 

For two lines are perpendicular when and only when the slope of one is the 
negative reciprocal of the slope of the second (Theorem VI, p. 29) ; that is, 

A _B' 
^B-A^' 
or AA' + BB' = 0, 

Corollary IV. The intercepts of the line 

Ax'\-By'\-C = 

on the X' and Y-a^xes are respectively 

C C 

a = and ft = — — • 

A B 

For the intercept on the ^-azis is found (p. 06) by setting y = and solving 
for X, and the intercept on the F-azis has been found in the above proof. 

Corollaries I and IV are given chiefly for purposes of reference. In a numerical 
example the intercepts are found most simply by applying the general rule already 
given (p. 66) ; and the slope is found by reducing the equation to the form 

y=mx + b, 

when the coefficient of z will be the slope. 
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Theorems I and II may be stated together as follows : 
The locus of an equation is a straight line when and only when 
the equation is of the first degree in x and y. 

Theorem II asserts that the locus of every equation of the first 
degree is a straight line. Then, to plot the locus of an equation 
of the first degree it is merely necessary to plot two points on the 
locus and draw the straight line passing through them. The two 
simplest points to plot are those at which the line crosses the 
axes. But if those points are very near the origin it is better to 
use but one of them and some other point not near the origin 
whose coordinates are found by the Rule on p. 53. 

Theorem III. When two equations of the first degree, 

(3) Ax-{-By + C==0 
and 

(4) A'x -\' B'y '\- C' = 0, 

hax^e the same locus, then the corresponding coefficients are propor- 
tional) that isy 

A'" B'" C' 

Proof The lines whose equations are (3) and (4) are by 
hypothesis identical and hence they have the same slope and the 
same intercept on the F-axis. Since they have the same slope, 

A A' 

b'^W (Corollary I, p. 77) 

and since they have the same intercept on the F-axis, 

I = I', (CoroUary IV, p. 78) 

by alternation we obtain 

A B . C B 

37 = ;^, and -, = -,; 

, , ABC 

and hence ~ = - = ~. q.i..d. 
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Ez. 1. Find the valaes of a and h for which the equations 

2az + 2y - 6 = 
and 4x-3y + 76 = 

will represent the same straight line. 

Solution. These two equations will represent the same straight line if 
(Theorem III) ^^J_^^, 

4 ■" -S" 76 ' 
and hence the required values are obtained by solving 

2a___2_ 2 _ -5 

for a and 6. This gives 

a = -J,6 = iJ. 

40. Geometric interpretation of the solution of two equations 
of the first degree. If we solve the equations 

(1) Ax-{-Bi/-\-C^O 
and 

(2) A'x -\- B'y -\' C == Oy 

we obtain the coordinates of the points of intersection of the 
lines whose equations are (1) and (2) (Rule, p. 69).- But if 
these lines are parallel they do not intersect, and if they are 
identical they intersect in all of their points. The relation 
between the position of the lines whose equations are (1) and 
(2) and the number of solutions of the simultaneous equations 
(1) and (2) may be indicated as follows: 

_ . . ^_. Number of solutions 

Position of hn£s ^ ,. 

of equations 

Intersecting lines. One solution. 

Parallel lines. Ko solution. 

Coincident lines. An infinite number. 

It is sometimes as convenient to be able to determine the 
number of solutions of two equations of the first degree without 
solving them as it is to be able to determine the nature of the 
roots of a quadratic equation without solving it The following 
theorem enables us to do this. 
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Theorem IV. Two equations of the first degree^ 

AX'\-By-\-C =^0 
and ^'aj-f 5V4-C" = 0, 

have J in general, one solution for x and y ; but if 

A__B_ 
A' " B'' 
there is no solution unless 

A'" B''^ C'' 

when there is an infinite number of solutions. 

The proof follows at once from Corollary II, p. 78, and Theorem m. 

PROBLEMS 

1. Find the intercepts of the following lines and plot the lines. 

(a) 2x + 3y = 6. Ans. 3,2. 

(b) ? + ?? = 1. Am, 2, 4. 
^'24 

(c) - - ?^ = 1. Ans. 3, - 6. 

(d) ? + JL = 1. Ans. 4, - 2. 
4 — 2 

2. Plot the following lines. 

(a) 2x-3y + 6 = 0. (c) ? + | = 1. 

(b) y-6-4x = 0. (d) |-|=1. 

8. Find the equations, and reduce them to the general form, of the lines 
for which 

(a) m = 2, 6 = - 3. Ans. 2x-y-3 = 0. 

(b) m = - J, 6 = }. Ans. x + 2y-3 = 0. 

(c) m = J, 6 = - }. Ans. 4x - lOy - 25 = 0. 

(d) a = - , 6 = - 2. Ans. x - y - 2 = 0. 

4 

3 7C 

(e) a = — ,6 = 3. Ajis. x + y — 3 = 0. 

4 

Bint. Substitute iny = mx + b. 
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(a; 



>{; 



Ans, No solution. 
Ans. One. 

Ans. An infinite number. 
Ana. No solution. 



(a) 



Ans. XilIXt; Lt±Li. 



0>) 



(c) 



4. Find the number of solutions of the following pairs of equations and 
plot the loci of the equations. 

4x + 6y + 9 = 0. 

^"^ \x + y = 1. 

^^ I6x + 2y = 4. 

,,. r4x-6y + 20 = 0. 

^ ' 112x-16y + 6 = 0. 

5. Plot the lines 2x — 3y + 6 = and x — y = 0. Also plot the locus of 
(2x - 3y + 6) + *;(x - y) = for ik = 0, ± 1, ± 2. 

6. Select pairs of parallel and perpendicular lines from the following. 

fii:y = 2x-3. 
ia:^ = -3x + 2. 
i8:y==2x + 7. 

'ii:x + 3y = 0. 

i2 : 8x + y + 1 = 0. Ana. Li ± Xs. 

^X8:9x--3y + 2 = 0. 

'ii:2x-6y = 8. 

JD2:6y + 2x = 8. Ana. L^ ± i». 

i8:36x-14y = 8. 

7. Show that the quadrilateral whose sides are 2x — 3y + 4 = 0, 
3x — y — 2 = 0, 4x — 6y — 9 = 0, and 6x — 2y + 4 = 0isa parallelogram. 

8. Find the equation of the line whose slope is — 2 which passes through 
the point of intersection of y = 3x + 4 and y = — x + 4. 

Ana. 2x + y — 4 = 0. 

9. What is the locus ofy = mx + &if&is constant and m arbitrary ? if 
m is constant and b arbitrary ? 

10. Write an equation which will represent all lines parallel to the line 

(a) y = 2x + 7. (c) y - 3x - 4 = 0. 

(b) y = - X + 9. (d) 2y - 4x + 3 = 0. 

11. Write an equation which will represent all lines haying the same 
intercept on the F-axis as (a), (b), (c), and (d) in problem 10. 

12. Find the equation of the line parallel to2x — 3y = whose intercept 
on the F-axis is — 2. Ana. 2x — 3y — 6 = 0. 

18. What is the locus of ^x + By + C = if B and C are constant and 
4 arbitrary ? it A and B are constant and C arbitrary ? 



THE STRAIGHT LIKE 83 

41. Straight lines determined by two conditions. In Ele- 
mentary Geometry we have many illustrations of the determina- 
tion of a straight line by two conditions. Thus two points 
determine a line, and through a given point one line, and only 
one, can be drawn parallel to a given line. Sometimes, however, 
there will be two or more lines satisfying the two conditions; 
thus through a given point outside of a circle we can draw two 
lines tangent to the circle, and four lines may be drawn tangent 
to two circles if they do not intersect. 

Analytically such facts present themselves as follows. The 
equation of any straight line is of the form (Theorem II, p. 77) 

(1) Ax-{-By-{-C = 0, 

and the line is completely determined if the values of two of the 
coefficients A, B, and C are known in terms of the third. 

For example, ]tA = 2B and C = — 3 J9, equation (1) becomes 
or 2a; + y — 3 = 0. 

Any geometrical condition which the line must satisfy gives 
rise to an equation between one or more of the coefficients 
A, By and C. 

Thus if the line is to pass through the origin, we must have (7=0 (Theorem VI, 

p. 66) ; or il the slope is to be 3, then — — = 3 (Corollary I, p. 77). 

B 

Two conditions which the line must satisfy will then give rise 
to two equations in ^, jB, and C from which the values of two of 
the coefficients may be determined in terms of the third, and the 
line is then determined. 

If these equations are of the first degree, there will be only one 
line fulfilling the given conditions, for two equations of the first 
degree have, in general, only one solution (Theorem IV, p. 81). 
If one equation is a quadratic and the other of the first degree, 
then there will be two lines fulfilling the conditions, provided 
that the solutions of the equations are real. And, in general, 
the number of lines fulfilling the two given conditions will 
depend on the degrees of the equations in the -4, B^ and C to 
which they give rise. 
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Rnle to determine the eqiuUion of a straiyla line which satiajiea 
two oonditiovs. 

First step. Assume that the equation of the line is 
Ax + Bi/ + C = Q. 

Second step. Find two equations between A, B, and C each of 
which expresses alg^raically the fact that the line satisfies one 
of the given conditions. 

Third step. Solve these equations for two of the coefficients A, 
B, and C in terms of the third. 

Fourth step. Substitute the results of the third step in the equor- 
tion in the first step and divide out the remaining coefficient. The 
result is the required equation. 

Ex. 1. Find the equation of tbe line through the two points Pi(6, — 1) 
andPi(2, -2). 

Solution. Tint Etep. Let the required equation be 

(1) Ax + By + = 0. 

Second etep. Since Pi lies on the locos 
of (1) (Corollary, p. 46), 

(2) tA-B+C = Q; 
and since Pt lies on the line, 

(3) 2A~2B + C = 0. 

Third step. Solving (2) and (3) for A and B in terms of C, we obtain 

A=-iC, B=iC. 
Fourth step. Substituting in (1), 

- i Ci + j Cy + C = 0. 
Dividing by C and simplifying, the required equation Is 

z-3f~8 = 0. 
Ex. 2. Find the equation of tbe line passing through Pi (3, — 2) whose 

Solution. Firat step. Let the re- 
quired equation be 

(4) Ax + By + C = 0. 
Second step. Since Pi lies on (i), 

(6) 3A-2B-tC = 0; 

and since the slope is " i, 
„. A 1 
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Third step. Solving (5) and (6) for A and C in terms of B^ we obtain 

A = \B, Cz=\B, 

Fourth step. Substituting in (4), 
or « + 4y + 6 = 0. 

PROBLEMS 

1. Find the equation of the line satisfying the following conditions and 
plot the lines. 

(a) Passing through (0, 0) and (8, 2). Arts, x - 4y = 0. 

(b) Passing through (- 1, 1) and (- 3, 1). Aiis. y - 1 = 0. 

(c) Passing through (—3, 1) and slope = 2. An». 2x — y4-7 = 0. 

(d) Having the intercepts a = 3 and 6 = — 2. Ans. 2x — 3y — 6=0. 

(e) Slope = — 3, intercept on X-axis = 4. An8. 3xH-y — 12=0. 

(f ) Intercepts a = — 3 and 6 i^: — 4. Ari^. 4x + 3y + 12=0. 

(g) Passing through (2, 3) and (- 2, - 3). Ans. 3 x - 2 y = 0. 
(h) Passing through (3, 4) and (— 4, — 3). Am, x — y + 1 = 0. 

(i) Passing through (2, 3) and slope = — 2. Aiia. 2x + y--7 = 0. 

X ti 
(j) Having the intercepts 2 and — 6. Aiis. — - = 1. 

2 5 

2. Find the equation of the line passing through the origin parallel to the 
line2x — 3y = 4. Ans, 2x — 3y = 0. 

8. Find the equation of the line passing through the origin perpendicular 
to the line 6x + y--2 = 0. Ans. x — 6 y = 0. 

4. Find the equation of the line passing through the point (3, 2) parallel 
to the line 4x — y — 3 = 0. Ans. 4 x — y — 10 = 0. 

5. Find the equation of the line passing through the point (3, 0) perpen- 
dicular to the line 2x + y — 6 = 0. An^. x — 2y — 3 = 0. 

6. Find the equation of the line whose intercept on the F-axis is 5 which 
passes through the point (6, 3). Ans. x + 3 y — 15 = 0. 

7. Find the equation of the line whose intercept on the X-axis is 3 which 
is parallel to the line x — 4yH-2 = 0. Ans. x — 4y — 3 = 0. 

8. Find the equation of the line passing through the origin and through 
the intersection of the lines x — 2y-|-3 = and x + 2y — 9 = 0. 

Ans. X — y = 0. 

9. Find the equation of the straight line whose slope is m which passes 
through the point Pi (xi, yi). Ans, y — yi = m (x — Xi). 



86 ANALYTIC GEOMETRY 

10. Find the equation of the straight line whose intercepts are a and 6. 

Ans. - + ? = 1. 
a b 

11. Find the equation of the straight line passing through the points 

■Pi(«i» yi) and P2{X2, 2/2). 

Ans. (1/2 -yi)x-(x2- xi) y + xiux - Xxy% = 0. 

12. Show that the result of the last problem may be put in the form 

x-xi _ y-yi 
X2-X1 2/2- yi* 

Bint. Add and subtract ar,2/i, factor, transpose, and express as a proportion. 

42. The equation of the straight line in terms of its slope 
and the coordinates of any point on the line. In this section 
and in those immediately following, the Rule in the preceding 
section is applied to the determination of general forms of the 
equations of straight lines satisfying pairs of conditions which 
occur frequently. These general forms will then enable us to 
write the equations of certain straight lines with the same ease 
that the equation y = mx + b enables us to write the equation 
of the straight line whose slope and intercept on the F-axis are 
given. 

Theorem V. Point-slope form. The equation of the straight line 
which passes through the point Pi (xi, 2/1) and has the slope m is 

(V) y-yi = m(i»-a?i). 

Proof. First step. Let the equation of the given line be 

(1) Ax-{'Bi/ + C = 0, 

. Second step. Then, by hypothesis, 

(2) Axi + Bi/i + C = 
and 

(3) -- = m. 

Third step. Solving (2) and (3) for A and C in terms of B, 
we obtain 

A = — mB and C = B (mxi — yi). 
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Fourth step. Substituting in (1), we have 

— mBx -{- By '\- B(mxi — i/i) = 0. 

Dividing by B and transposing, 

y — yx = m(x — Xi). q.b.d. 

If Pi lies on the F-axis, a^i = and yi = h, so that this equa- 
tion becomes y = mx + h, 

43. The equation of the straight line in terms of its intercepts. 

We pass now to the consideration of a line determined by two 
points, and we consider first the case in which the two points lie 
on the axes. This section does not, therefore, cLpply to lines par- 
allel to one of the axes or to lines passing through the origin, as in 
the latter case the two points coincide and hence do not deter- 
mine a line. 

Theorem VI. Intercept form. If a and h are the intercepts of a line 
on the X- and Y^xes respectively, then the equation of the line is 

(VI) ^ + f = i. 

^ ^ ah 

Proof First step. Let the equation of the given line be 

(1) Ax-^By'\-C = 0, 

Second step. By definition of the intercepts (p. ^0), the points 
(a, 0) and (0, b) lie on the line ; hence 

(2) ^a 4- C = 0, 

(3) 5ft + C = 0. 

Third step. Solving (2) and (3) for A and B in terms of C, 

we obtain 

^ = C and B——-rC. 

a 

Fourth step. Substituting in (1), we have 

a h ^ 



Dividing by C and transposing, 

a b 



^ T — J- g.B.D. 
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Ex. 1. Writ« the equation of the locus of2x — 6y-|-3 = 0ia temiB of 
Its intercepts and plot the line. 

SoltUion. Transposing ihe conat&nt t«nn, we have 

Dividing by - 3, 

:^ + 2,.i, 

or ^ + ? = 1. 

-i 1 
This equation is of the form (VI). Hence 

a = - j and 6 = i. 
Plotting the points (— j, 0) and (0, J) and joining them b; a stnugbt line, 
we have the required line. 

44. The equation of tbe straight line passing througli two 
given points. 

Theorem TIL Two-point form. The equation of the straight line 

passing through Pi(x„ j/,) and Ps(Xi, y^ is 
(VII) a; - X. ^ y - y. 

Xt — ahVi-Vt 
Proof. Let the equation of the line be 

(1) Ax + By + C = (i. 
Then, by hypothesis, 

(2) Ax, + £y, + C = 
and 

(3) Ax3 + Bi/i + C = 0. 

To follow the Rule, p. 84, we must solve (2) and (3) for A 
and if in tetma of C, substitute in (1), and divido by C j that pro- 
cedure amounts to eliminating A, B, and C from (1), (2), and (3), 
and that elimmation may be more conveniently performed as 
follows : 

Subtract (2) from (1) ; this gives 

A(x-~x,) + B{,j-i/,)=0, 

(4) , ^(x-xO = --B(y-y.> 



Q.E.D. 
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Similarly, subtracting (2) from (3), we obtain 
(5) A (x^ -x{) = -B {y^ - yi). 

Dividing (4) by (5), we find 

Xj Xi 2^2 ~* Vi 

Corollary. The condition that three points, Pi(xi, yi), Pa (^2? ^2)^ 
and Pa (^8> ^s) should lie on a line is that 

^z — ^i ^ Vz — yi 
^2 — ^1 y% — Vi 

For this is the condition that Pa should lie on the line (VII) passing through 
Pi and P, (CoroUai-y, p. 46). 

The method of proving the corollary should be remembered 
rather than the corollary itself, as then the condition may be 
immediately written down from (VII). 

PROBLEMS 

1. Find, by substitution in the proper formulas, the equations of the lines 
satisfying the conditions in problem 1, p. 85. 

2. Find the equations of the lines fulfilling the following conditions and 
plot the lines. 

(a) Passing through the origin^ slope = 3. -4ns. 3x — y = 0. 

(b) Passing through (3, - 2) and (0,-1). -d)W. x + 3 y + 3 = 0. 

(c) Having the intercepts 4 and — 3. -4n5. 3x — 4y — 12 = 0. 

(d) F-intercept = 6 and slope = 3. Arts. 3x — y + 6 = 0. 

(e) Passing through (1, — 2) and (3, — 4). -4n8. x + y + 1 = 0. 

(f ) Having the intercepts — 1 and — 3. Ans. 3x + y + 3 = 0. 

(g) Passing through (— J, i) and slope = - f . Arts. 4x + 6y — 7 = 0. 
(h) Passing through (0, 0) and slope = m. Aiis. y = mx, 

8. Find the equations of the sides of the triangle whose vertices are 
(-3, 2), (3, - 2), and (0, - 1). 

Am, 2x + 3y = 0, x + 3y + 3 = 0, andx + y + 1 =0. 

4. Find the equations of the medians of the triangle in problem 3 and 
show that they meet in a point. 

Ana. x = 0, 7x + 9y + 3 = 0, and 6x + 9y + 3 = 0. 

Hint. To ahoto tfiai three lines meet in a point, find the point of intersection of two 
of them and proye that it lies on the third. 
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6. Show that the medians of any triangle meet in a point. 

Hint. Taking one vertex for origin and one side for the X-axiB, the yertioes may then 
be called (0, 0), (a, 0), and (6, c). 

6. Determine whether or not the following sets of points lie on a straight 
line. 

(a) (0, 0), (1, 1), (7, 7). Ana, Yes. 

(b) (2, 3,), (- 4, - 6), (8, 12). Ana. Yes. 

(c) (3, 4), (1, 2), (6, 1). Ans, No. 

(d) (3, - 1), (- 6, 2), (- I 1). Ana. No. 

(e) (5, 6), ({,!),(- 1,-1). Ana. Yes. 

(f ) (7, 6), (2, 1), (6, - 2). Ana. No. 

7. Reduce the following equations to the form (VI) and plot their loci. 

(a) 2« + 3y - 6 = 0. (d) 3x + 4y + 1 = 0. 

(b)x-3y + 6 = 0. (e) 2x-4y-7=0. 

(c) 3x-4y + 9 = 0. (f) 7x-6y-3 = 0. 

8. Find the equations of the lines joining the middle points of the sides 
of the triangle in problem 3 and show that they are parallel to the sides. 

Ans. 4« + 6y + 3=:0, x + 3y = 0, andx + y = 0. 

9. Find the equation of the line passing through the origin and through 
the intersection of the lines x + 2 y = 1 and 2x — 4y — 3 = 0. 

Ana. X + 10 y = 0. 

10. Show that the diagonals of a square are perpendicular. 
JRnt. Take two sides for the axes and let the length of a side be a. 

11. Show that the line joining the middle points of two sides of a triangle 
is parallel to the third. 

Hint. Choose the axes so that the vertices are (0, 0), (a, 0), and (6, c). 

12. Find the equation of the line passing through the point (3, — 4) which 
has the same slope as the line 2 x — y = 3. Ana. 2x — y — 10 = 0. 

18. Find the equation of the line passing through the point (— 1, 4) which 
isparallel to the line 3x + y + 1 =0. Ana. 3x + y — 1 = 0. 

14. Two sides of a parallelogram are2x + 3y — 7 = and x — 3y + 4 = 0. 
Find the other two sides if one vertex is the point (3, 2). 

Ana. ^x + 3y -12 = andx-3y + 3 = 0. 

16. Find the equation of the line passing through the point (— 2, 3) 
which is perpendicular to the line x + 2 y = 1. Ana. 2x — y + 7 = 0. 
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16. Show that the three lines x — 2^ = 0, x + 2y — 8 = 0, and « + 2 y 
— 8 + A;(x — 2^) = meet in a point no matter what value k has. 

17. Derive (V) and (VH) by the Rule on p. 46, using Theorem V, p. 28. 

18. Derive (VI) and (VII) by the Rule on p. 46, using the theorem that 
the corresponding sides of similar triangles are proportional. 

19. Derive y = mx + & and (V) by the Rule on p. 46, using the definition 
of the tangent of an acute angle in a right triangle. 

20. Derive the equation of the straight line in terms of the perpendicular 

distance p from the origin to the line and the angle w which 
that perpendicular makes with the positive direction of 
the X-azis. 

Hint. Find the intercepts in terms of p and » by solving the 
right triangles in the figure and substitute in (VI). 

Jr Ans, X cos w + ysinw— p = 0. 

21. What is the locus of (V) if Xi and yi are constant and m arbitrary ? 

22. What is the locus of (VI) if a is constant and b arbitrary ? if 6 is con- 
stant and a arbitrary ? 

28. Write an equation which represents all lines passing through (2, — 1). 

24. Write an equation representing all lines whose intercept on the X-azis 
is 3. 

# 

26. Write in two different forms the equation of all lines whose intercept 
on the F-axis is — 2. 

26. Write an equation representing all lines whose slope is — }. 

27. If the axes are oblique and make an angle of (a, then the equation of a 
straight line in terms of its inclination a and intercept on the F-azis b is 

sin a . , 

y = -:— 7 : x + b, 

^ sm (w — a) 

28. If the angle between the azes is &;, the equation of the line passing 
through Pi(xi, ^i) whose inclination is a is 

sin a . . 

y — Vi = -; — (X — Xi). 

^ ^^ sin(«-a)^ ^' 

29. Show that equations (VI) and (VII) hold for oblique coordinates. 
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45. The normal form of the equation of the straight line. 

In the preceding sections the lines considered were determined 
by two points or by a point and a direction. Both of these 
methods of determining a line are frequently used in Elementary 
Geometry, but we have now to consider a line as determined by 
two conditions which belong essentially to Analytic Geometry. 



ox 





Let ABhe any line, and let ON be drawn from the origin perpen- 
dicular to ^-B at C, Let the positive direction on ON be from 
toward iV, — that is, from the origin toward the line, — and denote 
the positive directed length OC hy p and the positive angle 
XONy measured, as in Trigonometry (p. 11), from OX as initial 
line to ON as terminal line, by w.* Then it is evident from the 
figures that the position of any line is determined by a pair of 
values ofp and eo, both p and <a being positive and o) < 2 tt. 

On the other hand, every line determines a single positive 
value of p and a single positive value of o) which is less than 





2 7r, unless /? = 0. When ^ = 0, however, AB passes through 
the origin, and the rule given above for the positive direction 
on ON becomes meaningless. From the figures we see that we 
can choose for o) either of the angles XON or XON'. When 
p = we shall always suppose that co < tt and that the positive 
direction on ON is the upward directio7i. 



* <u is not the angle between the directed lines OX and OiV, as defined on p. 21. 
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Theorem Vm. The normal form* of the equation of the straight 
line is 

(VIII) a? cos « + y sin « — p = O, 

where p is the perpendicular distance or normal from the origin to 
the line and a> is the positive angle which that perpendicular makes 
with the positive direction OX of the X-axis regarded <w initial 
line. 
Proof Let P(xy y) be any point on the given line AB, 

Then since ^J5 is perpendicular to 
ONy the projection of OP on ON is 
equal to p (definition, p. 22). By 
the second theorem of projection 
(p. 41), the projection of OP on ON 
is equal to the sum of the projections 
of OD and DP on ON. Then the con- 
dition that P lies on ^J5 is 





fN 








/^^^Nv 




-^--'"^''p^ 


X* 


Z D 


r' 





B 



(1) proj. of OD on ON -f proj. of DP on ON = p. 
By the first theorem of projection (p. 23) we have 

(2) proj. of OD on ON = OD cos w = a cos w, 

(3) proj. of DP on ON = DP cos ( — — w | = y sin w. 

For the angle between the directed lines DP and ON equals that between 

OFandOJV=--w. 
2 

Substituting froin (2) and (3) in (1), we obtain 

X cos <a -{• y sin a> — j? = 0. q.b.d. 

To reduce a given equation 

(4) Ax-\-By-\-C =:0 

to the normal form^ we must determine w and p so that the locus 
of (4) is identical with the locus of 

(5) X cos G) -f y sin w — jt? = 0. 



* The designation of this equation is made clear by the definition of the normal in 
Chapter IX. 



94 ANALYTIC GEOMETRY 

Then we must have corresponding coefficients proportional 
(Theorem III, p. 79). 

cos 0) __ sin m _^—p 

Denote the common value of these ratios by r ; then 

(6) cos o) = rAy 

(7) sin G) = rB, and 

(8) - JO = rC. 

To find r, square (6) and (7) and add ; this gives 

sin^ G) + cos^ (0 = r^(A^ -h B^). 
But sin* o) -I- cos* w = 1 ; 

and hence r*(^* -|- B^) = 1, or 

(9) r = ^ 



Equation (8) shows which sign of the radical to use ; for since 
p is positive, r and C must have opposite signs, unless C = 0. If 
C = 0, then, from (8), jo = 0, and hence w < tt (p. 92) ; then sin <a 
is positive, and from (7) r and B must have the same signs. 

Substituting the value of r from (9) in (6), (7), and (8) gives 

A . B C 

cos CD = . :> Sm a> = . :> 2^ = 



±VIm^ iVlM^B* ±VIm^ 

Hence (5) becomes 

(10) / X + ,^ 2/ + 7^== = 0, 

which is the normal form of (4). The result of the discussion 
may be stated in the following 

Rule to reduce Ax -\- By -{- C = to the normal form. 

First step. Find the numerical value of "y/A^ -h B\ 

Second step. Give the result of the first step the sign opposite to 

that of C, or, if C = 0, the same sign as that of B, 

Third step. Divide the given equation hy the result of the second 

step. The result is the required equation. 
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The advantages of the normal form of the equation of the 
straight line over the other forms are twofold. In the first 
place, every line may have its equation in the normal form; 
whether it is parallel to one of the axes or passes through the 
origin is immaterial. In the second place, as will be seen in the 
following section, it enables us to find immediately the distance 
from a line to a point. 

PROBLEMS 

1. In what quadrant will ON (Fig., p. 92) lie if sin w and cos w are both 
positive? both negative? if sin w is positive and cosw negative? if sin w 
18 negative and cos w positive ? 

2. Find the equations and plot the lines for which 

(a) w = 0, p = 6. Ans. x = 6. 

(b) w = — , p = 3. Ans. y + 3 = 0. 

(c)w = -,|) = 3. Ans, v^x + V^y-6 = 0. 

(d) w = -— , p = 2. An8, X - v3 y + 4 = 0. 

o 

7 7t 

(e) (tf = — -, p = 4. Ans. V2x -V2y-8 = 0. 

4 

3. Reduce the following equations to the normal form and find p and w. 

(a) 3x + 4y-2 = 0. Ans. p = f , w = cos-if = sin-if 

(b) 3x - 4y - 2 = 0. Ans. p = f, w = cos-i J = sin-i(- f). 

(c) 12 X - 6 y = 0. Ans. p = 0, w = cos-i (- ^f) = sin-i,J^. 
(d)2. + 5. + 7 = 0. ^ • ./ 2 X . . 6 X 

Ans. p = __, w = cos-M 7=) = 8m-M —=)- 

+ V29 ^-V29>' V-V^/ 

(e) 4x - 3y + 1 = 0. Ans. p = i, « = cos-i(- f) = sin-i f 

(f)4x-6y + 6 = 0. ^ ^ 

Ans. p = -=, w = cos-if — =^ = sin-i(^ V 

+ V41 V_V4l/ \ + V4r>' 

4. Find the perpendicular distance from the origin to each of the follow- 
ing lines. 

(a) 12x + 6y-26 = 0. Ans. 2. 

(b) x + y + l=0. Ans. iV2. 

(c) 3x-2y-l = 0. Ans. ^jVl^. 
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5. Derive (Vm) when (a) -<w<ie; (b) *<»<—-; (c)—-<w<2ie; 

It ^ 2 2 

(d) p = OandO<w<--. 

6. For what yalues of p and ta will the locna of (Vlll) be parallel to the 
X-axis ? the F-axis ? pass through the origin ? 

7. Find the equations of the lines whose^slopes equal — 2, which are at a 
distance of 5 from the origin. 

Ana. 2V5«+V5y-.25 = 0and2V5«+V5y + 26 = 0. 

8. Find the lines whose distance from tiie origin is 10, which pass through 
the point (6, 10). Ans. y = 10 and 4 x + 3 y = 60. 

9. What is the locus of (VIII) if i> is constant and ta arbitrary ? if w is 
constant and p arbitrary ? 

10. Write an equation representing all lines whose distance from the 
origin is 6. 

46. The distance from a line to a point. The positive direction 
on the normal ON drawn through the origin perpendicular to AB 
(Fig. 1) ia from to AB (p. 92); and when AB passes through 
(Fig. 2) the positive direction on ON is the upward direction. 





The positive direction on ON is taken to be the positive direction 
on all lines perpendicular to AB, Hence the distance from the 
line AB to the point Pi is positive if Pi and the origin are on 
opposite sides of A By and negative if Pi and the origin are on the 
same side of AB, When AB passes through the origin the distance 
from AB to Pi is positive if that distance is in the upward direc- 
tiony and negative if it is in the downward direction. Thus in the 
figures the distance from AB to Pi is positive and from AB to P, 
is negative. 
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Theorem IX. The distance d frmn the line 

X cos it) -\- y sin w — j9 = 
to the point Pj (xi, y^ is 



(IX) 



d = 0(^1 COS tt + 1^^ sin tt — p. 



Proof, Let AB he the given line and let ON be perpendicular 
\x> AB, By the second theorem of projection (p. 41) we have 

proj. of OP I on ON = proj. of OD on ON -|- proj. of DP^ on ON, 

From the figure, 

proj. of OPx on ON 

= 0E =p + d. 

By the first theorem of 
projection (p. 23), 

proj. of OD on ON 

= OD cos <o = Xi cos a>, 

proj. of DPi on OiV 

= DPi cos I — — w I 
= ^1 sin a>. 




Hence 
and therefore 



p -{• d = Xi cos <a + yi sin w, 

c£ = aji cos o) -h yi sin qd — ^. 



Q.E.D. 



From this theorem we have at once the 



Rule to find the perpendicular distance from a given line to a 
given point. 

First step. Reduce the equation of the given line to the normal 
form (Rulcy p, 9J(), 

Second step. Svhstitvte the coordinates of the given point for 
X and y in the left-hand side of the equation. The result is the 
required distance. 

The sign of the result will show on which side of the line the 
point lies. 
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Ex. 1. Find the distance from the line 4x — 3y + 16 = to the i>oint 

(2, 1). 

I I f 1 Fa 
Solution. First step. Reducing the given equation 

to normal form, we have 

Second step. Substituting 2 for x and 1 for y, 
we have 

d = -f.2 + |(i>-3=-4. 
What does the negative sign mean ? 

Ex. 2. Prove that the sum of the distances from the legs of an isosceles 
triangle to any point in the base is constant. 

Solution, Take the middle point of the base for origin and the base itself 
for the X-axis. Then the values of p for the two legs are equal and the values 
of uf are supplementary. Hence, if the equation 
of one leg in normal form is 

X cos w + y sin w — p = 0, 
then the equation of the other leg is 

X cos (;r — w) + y sin (tt — w) — p = 0, 
or —X cos w + y sin w — p = 0. 

Let (a, 0) be any point in the base. Then the distances from the legs to 
(a, 0) are respectively a cos (o — p and — a cos u — p,BO that the sum of these 
distances is —2p, that is, a constant. 




PROBLEMS 

1. Find the distance from the line 

(a) X cos 45° + y sin 45° - V^ = to (5, - 7). 

(b) ix-iy-l = to (2,1). 

(c) 3x + 4y + 15 = to (- 2, 8). 

(d) 2x - 7y + 8 = to (3, - 5). 

(e) X- By = Of to (0,4). 



Ans, -2V2. 

Ana, — f . 

Ana. -^. 

Am. - 
Ana. 



+ V68 
12 



+ Vio 



2. Do the origin and the point (3, — 2) lie on the same side of the line 
»-y + l = 0? Ana. Yes. 
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8. Does the line 2x-\-Sy + 2^=0 pass between the origin and the point 
(-2,3)? Am. No. 

4. Find the lengths of the altitudes of the triangle formed by the lines 

2x + 3y = 0, x + 3y + 3 = 0, andx + y + 1 = 0. 

Ans. — — » — 7=» and V2. 
Vl3 VIO 

6. Find the distance from the line Ax + By -\- C = to the point 
Pi(Xi, yi). ^^ Axt-\-B yi-}-C 

± V^a ^ B^ 

6. Prove Theorem IX when 

yv /v ^ /■, s. ^ /v O It ...Sit « 

{a)p = 0, «<-; (b)-<«<3r; (c) ;r<«<— ; (d)— <«<2;r. 

7. Find the locus of all points which are equally distant from 

3x-4y + 1 =0and4x + 3y- 1=0. 

Ans. 7 X — y = and x + 7y — 2 = 0. 

8. Find the locus of all points which are twice as far from the line 
12x+6y — 1 = as from the F-axis. Ana. 14 x — 6 y + 1 = 0. 

9. Find the locus of points which are k times as far from 4x — 3y + l=0 
as from 6x - 12y = 0. Ans. (52 -2bk)x- (39 - 60 A:) y + 13 = 0. 

10. Find the bisectors of the angles formed by the lines in problem 9. 

Ans. 77x-99y + 13 = and 27x + 21y + 13 = 0. 

11. Find the distance between the parallel lines, 

,,ry = 2x + 5, . 8 , , r2x-3y + 4 = 0, . 1 

^'\y = 2x-3. ^Vs ^ ' l4x-6y + 9 = 0. gVlS 

„, ry = -3x + l, . 3 /^v ry = wx + 3, . 6 

^'\y = -3x + 4. _,_Vio ^'ly = wx-3. +VlT»^ 

12. Derive the normal equation of the line by means of Theorem IX. 

18. Prove that the altitudes on the legs of an isosceles triangle are equal. 

14. Prove that the three altitudes of an equilateral triangle are equal. 

16. Prove that the sum of the distances from the sides of an equilateral 
triangle to any point is constant. 

SXmt, Take the center of tlie triangle for origin, with the J^-axia parallel to one side^ 
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16. Find the areas of the triangles formed by the following lines. 

(a) 2aj - 3y + 30 = 0, X = 0, » + y = 0. Ans. 30. 

(b) X + y = 2, 3x + 4y - 12 = 0, X - y + 6 = 0. Ans. If 

(c) 3x - 4y + 12 = 0, X - 3y + 6 = 0, 2x - y = 0. Ana, 3f. 

(d) X + 3y - 3 = 0, 6x - y - 15 = 0, X - y + 1 = 0. Ans. 8. 

17. Plot the following lines and find the area of the quadrilaterals of 
which they are the sides. 

(a) X = y, y = 6, X + y = 0, 3x + 2y - 6 = 0. Ans. 16|. 

(b) x + 2y- 6 = 0, y = 0, x + 4y + 6 = 0, 2x + y-4 = 0. Ans. 18. 

(c) 2x-4y -1-8 = 0, x + y = 0, 2x-y -4 = 0, 2x + y- 3 = 0. 

Ans. 4^^. 

47. The angle which a line makes with a second line. The 

angle between two directed lines has been defined (p. 21) as the 
angle between their positive directions. When a line is given 
by means of its equation, no positive direction along the line is 
fixed. In order to distinguish between the two pairs of equal 
angles which two intersecting lines make with each other we 
define the angle which a line makes with a 
second line to be the positive angle (p. 11) 
from the second line to the first line. 

Thus the angle which Zj makes with Xj 
is the angle $. We speak always of the 
" angle which one line makes with a second 
line," and the use of the phrase " the angle 
between two lines " should be avoided if those 
lines are not directed lines. We have thus added a third method 
of designating angles to those given on p. 11 and p. 21. 

Theorem X. The angle which the line 

Xi : Aix -{-B^y-\-Ci = 

makes with the line 

Xa : A^x -f B2y + Cg = 
is given by 

(X) tan g = ^'^* ~ ^*^*. 




/ 
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Proof. Let a^ and a^ be the inclinations of Lx and Z, respec- 
tively. Then, since the exterior angle of a triangle equals the 
sum of the two opposite interior angles, we have 

In Fig. 1, ai = tf + a^ or tf = oti — otj, 

In Fig. 2, a, = TT — tf + ai, or tf = tt -h (ai — a,). 





And since (5, p. 13) 

tan (tt -f ^) = tan ^, 

we have, in either case, 

tantf : 



tan (aj — aj) 
tan a^ — tan ^2 
1 + tan a^ tan ^2 



(by 13, p. 13) 



But tan ai is the slope of Lx and tan a^ is the slope of Zg ; hence 
(Corollary I, p. 77) 

tand = — 



( V( V 



Reducing, we get tan 6 = 



1 + 

^2-Bi — ^ A 



Q.B.D. 



Corollary. If mi anc^ m^ are the slopes of two lines, then the 
angle $ which the first line makes with the second is given by 



1 + minH 
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Ex. 1. Find the angles of the triangle formed by the lines whose equations 
are 

X:2a;-3y-6 = 0, 

MiGx-y -6 = 0, 

^:6x + 4y-25 = 0. 

Solution, To see which angles formed by the given 
lines are the angles of the triangle, we plot the lines, 
obtaining the triangle ABC. A is the angle which 
M makes with X, so that M takes the place of Li in 
Theorem X and L of X2. 

Hence 

^1 = 6, -Bi=~l; 
-42 = 2, B2=-S. 

A2B1 - AiBq -2 + 18 
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Then 



and hence 



tan J. = 



16 



A1A2 + £1^2 12 + 3 
^ = tan-i(H). 






16 



B is the angle which L makes with N, and by Corollary III, p. 78, 5 = — . 
C is the angle which N makes with M, so that if 

. _ A2B1 - A1B2 
tan C = — — ^^-^1 



we must set 

Hence 
and 



AiA2-\- B1B2 
^1 = 6, Bi = 4; 
A2 = 6, J?2 = — 1' 



tanC = 



24 + 6 



36-4 
C = tan-i(i4). 



30 
32 



15 






16 



We may verify these results. For if 5 = — , then A = C; and hence 

1 2 2 

(6, p. 13, and 1, p. 12) tan ^ = cot C = -^ which is 



true for the values found. 



tanC 



Ex. 2. Find the equation of the line through 

(3, 5) which makes an angle of — with the line 
x-y + 6 = 0. ^ 

Solution. Let mi be the slope of the required line. 
Then its equation is (Theorem V, p. 86) 

(1) y-5 = mi{x-S). 
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The slope of the giyen line is m2 = 1, and since the angle which (1) makes 

with the given line is — , we have (by the Corollary), 

o 

IC Wli — 1 

tan- = , 

3 1 + mi 

or V3 = ^^l^, 

1+mi 

1 + VS ,^ rz, 

whence mi = = - (2 + v3). 

1 -v3 

Substituting in (1), we obtain 

y-6 = -(2+V3)(x-8), 
or (2+ V3)x + y-(ll+3V3) = 0. 

In Plane Geometry there would be two solutions of this problem, — the 
line just obtained and the dotted line of the figure. Why must the latter 
be excluded here ? 

PROBLEMS 

1. Find the angle which the line 3x— ^+2=0 makes with 2x+^— 2=0; 
also the angle which the second line makes with the first, and show that 
these angles are supplementary. Zic n 

* T' 4* 

2. Find the angle which the lino 

(a) 2aj — 5y + l = makes with the line ac — 2y + 3 = 0. 

(b) X + y + 1 = makes with the line x — y + 1 = 0. 

(c) 3x — 4y + 2 = makes with the line x + 3y — 7 = 0. 

(d) 6x — 3y + 3 = makes with the line x = 6. 

(e) X — 7y + l = makes with the line x + 2y — 4 = 0. 

In each case plot the lines and mark the angle found by a small arc. 
^rw. (a) tan-i(- ^) ; (b) |; (c) tan-i(-V) ; (d) tan-i(- \) ; (e) tan-i(A). 

8. Find the angles of the triangle whose sides are x + 32^ — 4 = 0, 

3x-2y + l = 0, andx-y + 3 = 0. ^jw. tan-i(- Y)» tan-i(i), tan-i(2). 

W,nt, Plot the triangle to see which angles formed by the giyen lines are the angles 
of the triangle. 

4. Find the exterior angles of the triangle formed by the lines 5x— ^+3=0, 
y = 2, x-4y-|-3 = 0. A-M, tan-i(5), tan-i(- J), tan-i(- J^). 

6. Find one exterior angle and the two opposite interior angles of the 
triangle formed by the lines 2x— 3y— 6=0, 3x+4y— 12=0, x— 3y+6=0. 
Verify the results by formula 12, p. 13. 
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6 . Find the angles of the triangle formed by8x+2y— 4=0,x— 3y+6=0, 
and 4aj— 3y— 10=0. Verify the results by the formula 

tan^ +tanB + tanC = tan-4tanBtanC, it A + B + C = ISGP. 

7. Find the line passing through the given point and making the given 
angle with the given line. 

(a) (2, 1), -, 2a;-3y + 2 = 0. Ans, 5x-y-9 = 0. 

4 

(b) (1, - 3), — -, X + 2y + 4 = 0. Ans. 3x + y = 0. 

4 

(c) (2, - 5), ^, X + 3y - 8 = 0. Ans. x ~ 2y - 12 = 0. 

4 

(d) (xi, vi), 4>,y = mx-\-b. Ans. y - yi z=^ ?-(x - Xi). 

1 — mtan^ 

(e) (xi, vi), i»jAx + By+C = 0. Ans. y-yi = — - — ^ "" ^ (x - Xi). 

^tan^ -\- B 

8. Show from a figure that it is impossible to draw a line through the inter- 
section of two lines and *^ making equal angles with those lines" in tiie 
sense in which we have defined ** the angle which one line makes with a 
second line.** Prove the same thing by formula (X). How are the bisectors 
of the angles of two lines to be defined ? 

9. Given two lines ii:3x ~ 4y - 3 = and i2:4x - 3y+12 = 0; find 
the equation of the line passing through their point of intersection such that 
the angle it makes with Xi is equal to the angle L^ makes with it. 

Ans. 7x-7y + 9 = 0. 

48. Systems of straight lines. An equation of the first degree 
in X and y which contains a single arbitrary constant will repre- 
sent an infinite number of lines, for the locus of the equation 
will be a straight line for any value of the constant, and the locus 
will be different for different values of the constant. 

The lines represented by an equation of the first degree which 
contains an arbitrary constant are said to form a system. An 
equation which represents all of the lines satisfying a single con- 
dition must contain an arbitrary constant, for there is an infinite 
number of lines satisfying a single condition ; hence a single geo- 
metrical condition defines a system of lines. 

Thus the equation y=2x + h, where 6 is an arbitrary constant, represents the 
system of lines having the slope 2 ; and the equation y — 5 = m(x~3), where m 
is an arbitrary constant, represents the system of lines passing through (3, 5). 
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Second rule to find the equation of a straight line satisfying two 
conditions. 

First step. Write the equation of the system of lines satisfying 
one condition. 

Second step. Determine the arbitrary constant in the equation 
found in the first step so that the other condition is satisfied. 

Third step. Substitute the result of the second step in the result 
of the first step. This gives the required equation. 

This rule is, in general, easier of application than the rule on 
p. 84. It has already been applied in solving Ex. 2, p. 102, and 
will find constant application in the following sections. The 
number of lines satisfying the conditions imposed will be the 
number of real values of the arbitrai'y constant obtained in 
the second step. 

Ex. 1. Find the equations of the straight lines having the slope } and 
intersecting the circle x^ + y^ = ^in but one point. 

Solution. First step. The equation 

y = Jx + 6 

represents the system of lines whose slopes are | (Theorem I, p. 51). 

Second step. The coordinates of the inter- 
section of the line and circle are found by solv- 
ing their equations simultaneously (Rule, p. 69). 
Substituting the value of y in the line in the 
equation of the circle, we have 

x3 + (1x4-6)2 = 4, 
or 25x2 _|. 24&X + (1662 _ 64) = 0. 
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whence 



The roots of this equation, by hypothesis, 
must be equal; hence the discriminant must 
vanish (Theorem II, p. 3) ; that is, 

57662 _ 100(1662 - 64) = 0, 

6 = ±|. 



Third step. Substitute these values of 6 in the equation of the first step. 
We thus obtain the two solutions 

and y = fx-}. 
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PROBLEMS 

1. Write the equations of the systems of lines defined by the following 
conditions. 

(a) Passing through (— 2, 3). 

(b) Having the slope — f . 

(c) Distance from the origin is 3. 

(d) Having the intercept on the Y-azis = — 3. 

(e) Passing through (6, — 1). 

(f ) Having the intercept on the X-axis = 6. 

(g) Having the slope J. 

(h) Having the intercept on the Y-axis = 6. 
(i) Distance from the origin = 4. 

2. What geometric conditions define the systems of lines represented by 
the following equations ? 

(a) 2x-3y + 4A; = 0. 

(b) fcx-3y-7 = 0. 

(c) x-\- y — k = 0, 

(d) x-\-k=0. 

(e) X + 2 A;y - 3 = 0. 

(f) 2fcc-32/ + 2 = 0. 

(g) X cos a + 2/ sin a + 5 = 0. 

Hint. Beduoe the given equation to one of the well-known forms of the equation of 
the first degree. 

8. Determine k so that 

(a) the line 2x — 3y + fc = passes through (—2, 1). Ans. fc = 7. 

(b) the line 2A:x — 6y4-3 = has the slope 3. Ans, k = ^-. 

(c) the line x + y — A; = passes through (3, 4). Ans. k = 7, 

(d) the line 3x — 4y + A; = has intercept on X-axis = 2. 

Ans. fc = — 6. 

(e) the line x — 3A:y + 4 = has intercept on Y-axis = — 3. 

Ans. fc = — J. 

(f) the line 4x — 3^-f6A; = 0is distant three units from the origin. 

Ans. A; = ± f. 

4. Find the equations of the straight lines with the slope — ^ which cut 
the circle x^ ■\- y^ = lin but one point. Ans. 5 x -f 12 y = ± 13. 

6. Find the equations of the lines passing through the point (1, 2) which 
cut the circle x^ ■\-y^ = ^in but one point. Ans. y = 2 and 4 x -f 3 y = 10. 

6. Find the equation of the straight line passing through (—2, 5) which 
makes an angle of 46° with the Y-axis. Ans. x-fj^ — 3 = 0. 
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7. lind the equation of Cbe etraigbt line which passes through the point 
(2,-1) and which is at a distance o( two units from the origin. 

Ant. x = 2&ixA3x — 4i/ = 10. 

B. Find the equation of the straight lino whose slope is } such that the 
distance from the line to the point (2, 4) is 2. A.n». 3x — 4y = 0. 

.49. The ^Etem of lines parallel to a given line. 
Theorem XL The system of lines parallel to a given line 
Ax + B!/ + C = 
is r^resented by 

(XI) Ask ■{■ By -^^ k = O, 

where k is an arbitrary constant. 

Proof. All of the Hoes of the system represented 1^ (XI) &re 
parallel to the given line (Corollary II, p. 78), It remains to be 
shown that all lines parallel to the given line are represented l^ 
(XI). Any line parallel to the given line is determined by some 
point Pi (x^, i/i) through which it passes. If Pi liea on (XI), 
then Axi-k-Byi + /: = 0; 

and hence k= — Ax^ — By,. 

That is, the value of k may be chosen so that the locus of (XI) 
passes through any point P,, Then (XI) represents all lines 
parallel to the given line. q.e.d. 

It should be noticed that the coefficients of x and y in (XI) 
are the same as those of the given equation. 

Ex. 1. Find the equation of the lino through the point Pi (3, - 2) paral- 
lel to the Imo £, : 2 a - 3 y - 4 = 0. 

SoMioru Apply tho Rule, p. 106. 
First step. The system of lines parallel to 
the given line is 

2i-3y + t = 0. 
Second step. The required line passes 
through Pi ; hence 

2-3-3(-2) + t = 0, 
and therefore 1; = — 12. 

Third step. Snbstituting this value of *, 
the required equation is 

2a!-3if -12 = 0. 
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50. The system of lines perpendicular to a given line. 
Theorem ZU. The system of lines perpendicular to the given 

is represented by 

(XII) Bx--Av^-h = Q, 

where k is an arbitrary constant. , 

Proof. All of the lines of the system represented by (XII) 
are perpend icnlai to the given line, for (Corollary III, p. 78) 
AB — BA =0. It remains to be shown that all lines perpen- 
dicular to the given line are represented by (XII). Any line 
perpendicular to the given line is determined by some point 
Pi(3;,, j/i) through which it passes. If P, lies on (XII), then 

Bxi — Ayi -\- k = 0, 
whence k = Ayi — Bx,. 

That 13, the value of k may be chosen so that the locus of (XII) 
passes through any point P,. Then (XII) represents all lines 
perpendicular to the given line. q.b.t>. 

Kotice that the coefficients of x and y in (XII) are respectively 
the coefficients of f/ and x in the given equation with the sign of 
one of them changed. 

Ex. 1. Find theequatiOD of the line through the point Pi(— 1, 3)perpen' 
dicularto theIineXi:5x — 2jr + S -0. 
Solution. Apply Ibe Rule, p. 105. 
First step. The equation of the aystem of lines perpendicular to the given 

2i + 5y + 4 = 0. 

Second step. The required line passes 
through Pi; hence 

2(-l) + 5.3 + k = 0, 
or k = - 13. 

Third step. Substitute this value of it. The required equation is tben 
2a; + 6!/-13 = 0. 
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PROBLEMS 

1. Find the equation of the straight line which passes through the point 

(a) (0, 0) and is parallel tojc — 3y + 4 = 0. Ana, x — Sy = 0. 

(b) (3, - 2) and is parallel t6x + y + 2 = 0. Ana. x + y - 1 = 0. 

(c) (- 6, 6) and is parallel to2x + 4y-3 = 0. Ans. x + 2y — 7 = 0. 

(d) (—1, 2) and is perpendicular to3x — 4y + l = 0. 

Ans, 4x + 3y-2=0. 

(e) (— 7, 2) and is perpendicular tox — 3y + 4 = 0. 

Ans. 3x + y + 19 = 0. 

8. Find the equations of the lines drawn through the vertices of the 
triangle whose vertices are (— 3, 2), (3, — 2), and (0, — 1), which are parallel 
to the opposite sides. 

Ans. The sides of the triangle are 

2x + 3y = 0, x4-3y + 3 = 0, x + y4-l = 0. 
The required equations are 

2xH-3y + 3 = 0, x + 3y-3 = 0, x + y-l = 0. 

8. Find the equations of the lines drawn through the vertices of the 
triangle in problem 2 which are perpendicular to the opposite sides, and 
show that they meet in a point. 

Ans. 3x- 2y- 2 = 0, 3x-y + 11 = 0, x-y- 6 = 0. 

4. Find the equations of the perpendicular bisectors of the sides of the 
triangle in problem 2, and show that they meet in a point. 

Ans. 3x-2y = 0, 3x-y-6 = 0, x-y + 2 = 0. 

5. The equations of two sides of a parallelogram are3x — 4y + 6 = and 
X 4- 6 y — 10 = 0. Find the equations of the other two sides if one vertex 
is the point (4, 9). Ans. 3x - 4y + 24 = and x + 5y - 49 = 0. 

6. The vertices of a triangle are (2, 1), (- 2, 3), and (4, - 1). Find the 
equations of (a) the sides of the triangle, (b) the perpendicular bisectors of 
the sides, and (c) the lines drawn through the vertices perpendicular to the 
opposite sides. Check the results by showing that the lines in (b) and (c) 
meet in a point. 

7. Show that the perpendicular bisectors of the sides of any triangle meet 
in a point. 

8. Show that the lines drawn through the vertices of a triangle perpen- 
dicular to the opposite sides meet in a point. 

9. Find the value of C in terms of A and B if Ax + J5y + C = passes 
through a given point Pi(xi, yi); show that the equation of the system of 
lines through Pi may be written A(x — Xi)'\- B(y — yi) = 0. 
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51. The system of lines passing through the intersection of 
two given lines. 

Theorem XTTT. The system of lines passing through the intersec- 
tion of two given lines 

ii : A^x + J5iy -h Ci = 
and ia • ^2^ + ^2!/ + C'a = 

is represented hy the equation 

(XIII) AxQO + J5iy + Ci + A; (A^ + -Bay + Ca) = O, 

where k is an arbitrary constant. 

Proof All of the lines represented by (XIII) pass through the 
intersection of Li and Zj. For let Pi (aji, yi) be the intersection 
of Zi and ij- Then (Corollary, p. 46) 

^iai + J5iyi+Ci = 

and A^i -f B^yi + C2 = 0. 

Multiply the second equation by k and add to the first. This 

gives 

Aix^ -i- Biy^ + Ci -h k{A^x^ -|- B^y^ + C,) = 0. 

But this is the condition that Pi lies on (XIII). 
That all lines through the intersection of L^ and L^ are repre- 
sented by (XIII) follows as in the proofs of Theorems XI and 

XII. Q.B.D. 

Corollary. If Li and L^ are parallel, then (XIII) represents the 
system of lines parallel to Li and L^. 

« 

For if L\ and L% are paraUel, then 

A2 B% 

and hence — - = — — • 

kAi kB^ 

BycompoBltlon. dl±Mi = :?1±*^. 

Hence L\ and (XIII) are parallel (Ck)roUary II, p. 78). 

Notice that (XIII) is formed by multiplying the equation of L^ 
by k and adding it to the equation of Li. 
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Ex. 1. Find the eqoatlon of the line passing throngli P, (2, 1) and the 

intetsecUon of ii : 3* - 61/ - 10 = and La : a: + y + 1 = 0. 

Solution. Apply the Rnle, p. 106. The eysUm of lines passing thiough tito 
intersection of the given lines is represented hy 
Sx - 6y - 10 + k{x + y + I) = 0. 
If Pi lies on this line, then 

6-5-10 + jfe{2 + l + l) = 0j 
whence k = \. 

Substituting this value of k and eimpli^ing, 
we have the required equation 

21*-n!/-31 = 0. 

Ex. 2. Find the equation of the line paasing through the intereeo- 
Uon of Li:2x-^i/ + 1=0 and Xi:x — 2^ + 1=0 and parallel to 
i. :4a!-3j*-7=0. 

Solution. Apply the Rule, p. 105. The equation of every line through 
the intersection of the first tno given lines has the form 

2* + !/ + l + l(i-2v + l) = 0, 
or (2 + t)3! + (l-2t)v + (l + t) = 0. 

If this line is parallel to the third line (Corollai? 
II> P- IB), 

2 + t _ l-2it _ 
4 ~ -3 ' 
whence k = 2. 

Substituting and simplifying, we obtain 
4ai-8y + S = 0. 
The geometrical s^ificance of the value of k in Theoiem XIII 
is given most simply when Li and £3 are in normal foim. 

Theorem XIV. The ratio of the distances from 
Li : X cos <i»i -|- ^ sin <t>i —pi = 
and Lt : x cos (iii + ^sin(0,— pi = 

to any point of the line 

Z:a!Coau>, + ysiniui— ^, + A(a; co8<u, + y sinoi, — ^)=a 
is constant and equal to — k. 
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Proof. Let P^ (xi, y^ be any point on L, Then 

«i cos wi H- yi sin wi — ^i + A; (x^ cos co, + yi sin 0)2 — i>2) = 0, 

andhenoe _ ;,. ^ a'x cos «^. + yi sin .o^ - y^ 

fiTi cos «2 + yi SUl 0^ — i'a 

The numerator of this fraction is the distance from L^ to Pj, 
and the denominator is the distance from Za to Pi (Theorem IX, 
p. 97). Hence — A; is the ratio of the distances from L^ and i, 
to any point on L. q.e.d. 

Corollary. 7j^ A: = ± 1, tJien L is the bisector of one of the angles 
formed by Li and L^, That is, the eqtuitians of the bisectors of the 
angles between two lines are found by reducing their equations to 
the normal form and adding and subtracting them. 

For when k = ±l the numerical yalaes of the distances from Li and Li to any 
point of L are equal. 

The angle formed by ij and Xj in which the origin lies, or its 
vertical angle, is called an internal angle of Li and L^; and either 
of the other angles formed by Li and L2 is 
called an external angle of those lines. From 
the rule giving the sign of the distance from a 
line to a point (p. 96) it follows that L lies in 
the internal angles of Li and Lj when k is negor 
tive, and in the external angles when k is posi- 
tive. If the origin lies on Li or Z,, the lines 
must in each case be plotted and the angles in which k is posi- 
tive found from the figure. 



PROBLEMS 

1. Find the equation of the line passing through the intersection of 
2x — 3^ + 2 = and 3x — 4^ — 2 = 0, without finding the point of intersec- 
tion, which 

(a) passes through the origin. 

(b) is parallel to6z-2y + S = 0. 

(c) is perpendicular toSx — 2^ + 4 = 0. 

Ana. (a)6x-7y = 0; (b) 6x-2y -50 = 0; (c) 2x + 8y- 58 = 0. 
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2. Find the equations of the lines which pass through the vertices of the 
triangle formed by the lines 2x — 3yH-l = 0, x — y = 0, and 3xH-4y — 2 = 

which are 

(a) parallel to the opposite sides. 

(b) perpendicular to the opposite sides. 

Ana. (a) 3x4-4y-7 = 0, 14x-21yH- 2 = 0, 17x-17y + 6 = 0; 
(b) 4x-3y-l=0, 21x + 14y-10 = 0, 17x + 17y-9 = 0. 

8. Find the bisectors of the angles formed by the lines 4x — 3y — 1 = 
and 3x'--4y + 2 = 0, and show that they are perpendicular. 

An8. 7x — 7y4-l = and x + y — 3 = 0. 

4. Find the equations of the bisectors of the angles formed by the lines 
6x — 12y + 10 = and 12 x — 6 y + 16 = 0. Verify .the results by Theorem X. 

5. Find the locus of a point the ratio of whose distances from the lines 
4x-3yH-4 = 0and6x4-12y--8 = 0isl3to5. Ana, 9x + 9y-4 = 0. 

6. Find the bisectors of the interior angles of the triangle formed by the 
lines 4x - 3y = 12, 5x - 12y - 4 = 0, and 12x - 5y - 13 = 0. Show that 
they meet in a point. 

Ana, 7x-9y-10 = 0, 7xH- 7y-9 = 0, 112x-64y-221 =0. 

7. Find the bisectors of the interior angles of the triangle formed by the 
lines 6x - 12y = 0, 5x + 12y + 60 = 0, and 12x - 5y - 60 = 0, and show 
that they meet in a point. 

Ans. 2y + 6 = 0, 17x+7y = 0, 17x - 17y - 60 = 0. 

8. The sides of a triangle are 3x + 4y — 12 = 0, 3x--4y = 0, and 
4x + 3y+24 = 0. Show that the bisector of the interior angle at the 
vertex formed by the first two lines and the bisectors of the exterior angles 
at the other vertices meet in a point. 

9. Find the equation of the line passing through the intersection of 
x + y — 2 = and x — y + 6 = and through the intersection of 2x — yH-3 = 
andx-3y + 2 = 0. Am. 19x + 3y + 26 = 0. 

Hint. The Bystems of lines passing through the points of intersection of the two pairs 

of lines are 

x + y-2+k(x-y + 6)^0 

and 2a?-y + 3 + Jfc'(a;-3y + 2)=0. 

These lines will coincide if (Theorem in, p. 79) 

l-fA; _ 1-k _ -2 + 6k 
2+k^'^-l-3k' 3 + 2k^ ' 

Letting p be the common value of these ratios, we obtain 

l + ^•=2p + p^•', 
l-k=-p-3pk't 
and -2 + 6Jfc=3p + 2pJfc'. 

From these equations we can eliminate the terms in pk^ and p, and thus find the value 
of k which gives that line of the first system which also belongs to the second system. 
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10. Find the equation of the line passing through the intersection of 
2a/ + 5y — 3 = and 3x — 2y — 1 = and through the intersection of 
aj-y = 0andaj4-32/-6 = 0. Ans. 43x - 36y -12 = 0. 

A figure composed of four lines intersecting in six points is 
called a complete quadrilateral. The six vertices determine three 
diagonals of which two are the diagonals of the ordinary quadri-' 
lateral formed by the four lines. 

11. Find the equations of the three diagonals of the complete quadrilateral 
formed by the lines x-f2y = 0, 3aj-42/-f2 = 0, x-y + 3 = 0, and 
3x-2y-f4 = 0. Ans. 2x - y + 1 = 0, x + 2 = 0, 5x - 6y -f 8 = 0. 

12. Show that the bisectors of the angles of any two lines are perpen- 
dicular. 

18. Find a geometrical interpretation of k in (XI) and (XII). 

14. Find the geometrical interpretation of fc in (XIII) when Li and Xj 
are not in normal form. 

15. Show that the bisectors of the interior angles of any triangle meet in 
a point. 

16. Show that the bisectors of two exterior angles of a triangle and of the 
third interior angle meet in a point. 



CHAPTER V 

THE CIRCLE AND THE EQUATION a^+y*+l>x+Ey+Ii'=0 

52. The general equation of the circle. If (a, fi) is the center 
of a circle whose radius is r, then the equation of the circle is 
(Theorem II, p. 51) 

(1) x^ + y^-2ax-2pj/ -{-a^-{-0'-7^ = Oy 
or 

(2) (x-ay+(y-py=r\ 

In particular, if the center is the origin, a = 0, ^ = 0, and (2) 
reduces to 

(3) x' + y* = r». 

Equation (1) is of the form 

(4) x^ + y^ + Dx-{-Ey-{-F=0, 
where 

(6) 2)=- 2a, E = -2p, and F = a" -\- p" - r^. 

Can we infer, conversely, that the locus of every equation 
of the form (4) is a circle ? By adding \T>^ -\- \ E^ to both 
members, (4) becomes 

(6) {x + i/>)' +(y + i^)' = i(^' + E^ - 4F). 

% In (6) we distinguish three cases: 

If D* H- ^ — 4 F is positive, (6) is in the form (2), and hence 
the locus of (4) is a circle whose center is (— J D, — ^ E) and 
whose radius is r = J^ Vz)^ -\- E^ — 4: F, 

If D^ -\- E^ — 4:F =0, the only real values satisfying (6) are 
x = — ^D, y = —^E (footnote, p. 62), The locus, therefore, is 
the single point {— \D, — ^ E). In this case the locus of (4) 
is often called a point-circle, or a circle whose radius is zero. 

If D^ + E^ — 4^F is negative, no real values satisfy (6), and 

hence (4) has no locus. 
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The expression D^ + E^ — 4:Fia called the discriminant of (4), 
and is denoted by 0. The result is given by 

Theorem I. The locvs of the equation 
(I) . a5* + y' + l>aj + J5;2/ + l?' = 0, 

whose discriminant is ® = D^ -{- E^ — 4: F, is determined asfolUyws : 

(a) When © is positive the locus is the circle whose center is 
(— f D, — ^E) and whose radiiis isr=: J Vi>2 + ^^ — 4F= J V©. 

(b) When © is zero the lociis is the point-circle (— J D, — ^ E), 

(c) When © is negative there is no loct^. 

Corollary. When E = the center of (I) is on the X-a^is, and 
when Z>= the center is on the Y-axis, 

Whenever in what follows it is said that (I) is the equation 
of a circle it is assumed that © is positive. 

Ex. 1. Find the locus of the equation x^ -\- y^ — ^x-\-^y — b=0. 

Solution, The given equation is of 
the form (I), where 

2)= -4, ^ = 8, F= -5, 

and hence 

e = 16 + 64 + 20 = 100>0. 

The locus is therefore a circle whose 
center is the poin t (2, — 4) and whose 
radius is J VlOO = 5. 

The equation Ax^-{- Bxy + Cy^ 
H- Da; H- ^y + F = is called the 

feneral equation of the second degree 
\ X and y because it contains*all 
possible terms in x and y of the second and lower degrees. This 
equation can be reduced to the form (I) when and only when 
A = C and -B = 0. Hence the locus of an equation of the second 
degree is a circle only when the coefficients of x^ and y^ are equal 
and the xy-\»Tm is lacking. 

53. Circles determined by three conditions. The equation of 
any circle may be written in either one of the forms 

{x-af-^-iy-PY^r' 
or x^-\-y^-\- Dx'{-Ey'{-F= 0.* 
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Each of these equatioiiB contains three arbitrary constants. 
To determine these constants three equations are necessary, and 
as any equation between the constants means that the circle sat- * 
islies some geometrical condition, it follows that a circle may be 
determined to satisfy three conditions. 

Rule to determine the equation of a circle satisfi/ing three 
conditions. 

First step. Let the required equation be 
(X) (^_„). + (j,_3)« = H 

(2) a;" + y" + Ite + Ey + F = 0, 
as may be more convenient. 

Second step. Find three equations between the constants a, ff, 
and r [or D, E, and F] which express that the circle (1) [w (2)] 
satisfies the three gieen conditions. 

Third step. Solve the equations found in the second step for a, ft 
and r {or D, E, and F]. 

Fourth step. Substitute the results of the third step in (1) {or 
(2)]. The result is the required equation. 

Ex. 1. Find tbe equation of the circle passing through the three points 
Pi (0, 1), P, (0, fl), and P, (3, 0). 

Solution. First step. Let tbe reqniied eqna- 

(3) <^ + y* + Dx + Ey + F = (i. 
Second step. Since Pi, Pi, and Pg lie on (3), 

their coordinates mnst satiof; (3). fleuoe ire 

(4) 1+E + F = 0, 
(6) 86 + 6£ + F = 0, 
and 

(6) 943D + F = 0. 

Third step. Solving (1),<G>, and (6), ire obtain 

E=-7,F=6, D = -6. 
Fonrtb step. Substituting In (3), the required equation Is 
aji + yi _ E I _ 7 ^ + 6 = 0. ' 

/ 
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By Theorem I we find that the radiuB la jVS'and the, center fa Uie 
point (j, J). 

Bz. 2. Find the equation of the circle psBsing throagh the points 
^1 (0< — 3) and Pg (4, 0) which has its center on the line z + 2i/ = 0. 

Solulion. First step. Let the required equation be 
(7) a!' + y'+Dx + Eji + F = 0. 

Second step. Since Pi and Pg lie on the locus of (T), we have 
_ (8) 0-3B + F = 

(9) ie + 4D + F = 0. 

The center of (7) is ( - :^, - ^^, and since It 
lies on the given line, 

-!"(-!)=»■ 

or 

(10) D + 2£ = 0. 
Third step. Solving (6), (9), and (10), we obtain 

D = - V, ^ = I, and F = - V. 
Fourth step. Substituting in (T), we obtain tlie required equation, 

or Eie» + 5v> -Ux + 7^-24 = 0. 

The cent«r is the point (|, - ^), and the radius is J V29. 

PB08LEH8 

1. Find the equation of the circle whose center la 

<a) (0, 1) and whose radine is 3. Ana. ^ + y' — 2jf — 9 = 0. 

(b) (- 2, 0) and whose radius is 2. Ana. x^-i- jf' + 4x = 0. 

(c) (— 3, i) and whose radius is 5. Ant. af* + j/" + 61 — By ='0, 

(e) {a, D) and whose radius is a. Ana. s* + y* — 2 (w: = 0. 

(f) (0, 0) and whose radius is p. Ana. x? + ifi~2^ = 0. 

(g) (0, — p) and whose radius is p. Ana. x? + y^ + 2px = 0. 

■ The TBdliu iB eajlly obtBined. iiiiiiw V2 is the length of the dtsgoDBl of iMiqu^re 
wlioae tide la one nnlt. Wa may conatnict a line vboae length la v^ b; desuriblng n 
lemlolr^ OD a lliA who«e length ta n + 1 and erecEing a perpendicular to the diameter 
one oult from the end. The length ot that perpendloular will be Vn. 
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2. Find the locus of the following equations. 

(a) x2 + y2 - 6aj - 16 = 0. (f) «» + y^ - 6x + 4y - 6 = 0. 

(b) 3x2 + 3y2 - lOx - 24y = 0. (g) (x + I)* + (y - 2)2 = 0. 

(c) x2 + y2 = 0. (h) 7x2 + 7y2 - 4x - y = 3. 

(d) x2 + y2-8x--0y + 25 = 0. (i) x2 + y2 + 2ax + 26y + 02 + 62 = 0. 

(e) x2 H- y2 - 2x H- 2y + 6 = 0. (j) x2 + y2 + lOx + 100 = 0. 

8. Find the equation of the circle which 

(a) has the center (2, 3) and passes through (3, — 2). 

Ana. x2 + y2_4x-6y-13 = 0. 

(b) passes through the points (0, 0), (8, 0), (0, - 6). 

Ana. x2 + y2-8x + 6y = 0. 

(c) passes through the points (4, 0), (- 2, 5), (0, - 3). 

Ana. 19x2 + 19y2 + 2x - 47 y - 312 = 0. 

(d) passes through the points (3, 5) and (—3, 7) and has its center on 
the X-axis. Ana, x2 + y2 + 4x - 46 = 0. 

(e) passes through the points (4, 2) and (—6, — 2) and has its center on 
the r-axis. Ana. x2 + y2 + 6y - 30 = 0. 

(f) passes through the points (5, — 3) and (0, 6) and has its center on 
theline2x-3y-6 = 0. Ana. 3x2 + 3y2 - 114x - 64y + 276 = 0. 

(g) has the center (—1, — 6) and is tangent to the X-axis. 

Ana. x2 + y2 + 2x + lOy + 1 = 0. 

(h) passes through (1, 0) and (5, 0) and is tangent to the F-axis. 

Ana. x2 + y2-6xi2V6y4-6 = 0. 

(i) passes through (0, 1), (5, 1), (2, - 3). 

Ana. 2x2 + 2y2-10x + y-3 = 0. 

(j) has the line joining (3, 2) and ( — 7, 4) as a diameter. 

Ana. x2H-y»H-4x-6y-13 = 0. 

(k) has the line joining (3, — 4) and (2, — 5) as a diameter. 

Ana. x2 + y2-6x + 9y + 26 = 0. 

(1) which circumscribes the triangle formed by x — 6 = 0, x + 2y = 0, 
andx-2y = 8. Ana. 2x2 + 2y2 - 21x + 8y + 60 = 0. 

(m) passes through the points (1, — 2), (— 2, 4), (3, — 6). Interpret the 
result by the Corollary, p. 89. 

(n) is inscribed in the triangle formed by4x + 3y — 12 = 0, y-2 = 0, 
X - 10 = 0. Ana. 36x2 + 36y2 - 616x + 60y + 1586 = 0. 

4. Plot the locus of x2 + y«-2x + 4y + ife = for jfc = 0, 2, 4, 6-2, -4, 
— 8. What values of k must be excluded ? Ana. k>b. 
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5. What is the locus of x^ ^y^ + Dx-\- Ey + F = if D and ^ are fixed 
and F varies ? 

6. For what values of k does the equation x^ -\' y^ — 4x + 2 ky ^ 10 = 
have a locus ? Ans. k> -^-Vq and A; < — VS. 

7. For what values of k does the equation x^ + y^-\-kx-\-F=0 have a 
locus when (a) F is positive ; (b) F is zero ; (c) F is negative ? 

Ans. (a) jfc > 2 v^ and k<-2 Vf ; (b) and (c) all values of k. 

8. Find the number of point-circles represented by the equation in 
problem 7. Ans. (a) two ; (b) one ; (c) none. 

9. Find the equation of the circle in oblique coordinates if w is the angle 
between the axes of coordinates. 

Ans. (x - a)2 + (y _ /3)2 + 2(x - a) (y - jS) cos w = t«. 

10. Write an equation representing all circles with the radius 6 whose 
centers lie on the X-axis; on the F-axis. 

11. Find the number of values of k for which the locus of 

(a) x2 4- y2 _|. 4fcx -22/ + 6fc = 0, 

(b) x^ -\-i/^ + ^kx-2y -k = 0, 

(c) x2 _|. y2 + 4 ^x - 2 y + 4 Jfc = 

is a point-circle. Ans. (a) two; (b) zero; (c) one. 

13. Plot the circles x* + y2 + 4aj _ 9 = 0, x2 + y2 - 4x - 9 = 0, and 
aj2 + y24.4x-9 + A;(x2H-y2-4x-9) = for A;=i:l, i 3, ± J, -6, 

— \. Must any values of A; be excluded ? 

18. Plot the circles x^ + y3 + 4x = 0, x^ + y3 - 4x = 0, and x« + y^ + 4x 
-f- A; (x2 + y2 __ 4 35) =: for the values of A; in problem 12. Must any values 
of A; be excluded ? 

14. Plot the circles x« + y2 + 4x + 9 = 0, x^ + y2 _ 43. + 9 = 0, and 
x2 + y2 + 4xH-9 + A:(x24-y2-4x + 9) = for A; = - 3, -J, -6, -J, 

— J, — ^, — 1. What values of k must be excluded ? 

54. Systems of circles. An equation of the form 

x^-\-y^-\- Dx-\- Ey -\- F==0 

will define a system of circles if one or more of the coefficients 
contain an arbitrary constant. Thus the equation 

a;2 _|_ y2 _ ^2 ^ 

represents the system of concentric circles whose centers are at 
the origin. Very interesting systems of circles, and the only 
systems we shall consider, are represented by equations analogous 
to (XIII), p. 110. 
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Theorem IL Given two circles, 

Ci : a;2 + y3 + D^x J^E^y + F^=^0 
and Ca : a^ + y^ + D^ + E2y + i^2 = 0; 

then the locus of the equation 
(II) a5« + y« + n^x + E^y + F^ 

is a circle except when A; = — 1. In this case the locus is a straight 
line. 

Proof, Clearing the parenthesis in (II) and collecting like 
terms in x and y, we obtain 

(l + ;b)aj« + (H-A:)2/H(A + A;2>2)a + (^i + A;^2)y+(Fi4-A:F2) = 0. 

Dividing by 1 + Aj we have 

"^^y^ l^k ^^ l + A y^ l + A: ^• 

The locus of this equation is a circle (Theorem I, p. 116). If, 
however, A; = — 1, we cannot divide by 1 + /:. But in this case 
equation (II) becomes 

(A - A)aJ +(^1 - E2)y-\-(F, - F^) = 0, 

which is of the first degree in x and y. Its locus is then a 
straight line called the radical axis of Ci and Cj. q.e.d. 

* 

Corollary I. The center of the circle (II) lies upon the line 
joining the centers of Ci and C^ and divides that line into seg- 
ments whose ratio is equal to k. 

For by Theorem I (p. 116) the center of Ci is PiT — — ^» ~ ~o) ^^^ ^' ^2 is 

(2)2 E2\ 
— — » — — ) • The point dividing P1P2 into segments whose ratio equals k 

is (Theorem VII, p. 32) the point [_ 7TT ' TTh J * ^^^ 

Bimpbfymg, ^^ - 2(1 + k) * "" 2(1 + A;) / * ^^ ^ ^ ^' 
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Ccoollaty n. The equation of the radical axis of C, and Cj ts 

(D, ~Dt)x+ (E, -E,)i, + (F, - F,) = 0. 

Corollary m. The radical axis of two circles is perpendicular to 
the line joining their centers. 



The system (II) may have three distinct forms, as illustrated 
in the following examples. These three fonns correspond to the 
relative positions of C| and Cj, which may intersect in two points, 
be tangent to each other, oi not meet at all. 

Ex. 1. Flot the syatem of circles represented by 

3!' + y' + 8 a; - 8 + S: (a:^ + V" - 4 a - 9) = 0. 



Solution. The figure Ebows the circles 

i' + V' + 8 1-9 = and af + K' -42-9 = 

plotted in heavy lines and the circles corresponding to 

i = 2, 6, 1, J, -4, -|, and -i; 

these circles all pass through the intersection of the first two. 

The radical axis of the two circles plotted in heavy lines, which corrft- 
gpoods to lc = — \, is the F-azis, 
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Ex. S. Plot the sfsMm of droles repreeeoted by 

a' + ]/" + 8i + *:{*» + y» - 4x) = O. 



Solutttm. The Ggnie ahows the circles 

*' + 1/* + 8z = and x' + jfl-ix = 
plotted in heavT lines and the circles corresponding to 

* = 2, 3, !> 5, 1, i, - 7, J, - 4, - 3, and - f 
These clicles are aL tangent to the giren circles at their point of tangeucy. 
The locus for ifc = 2 is the origin. 

Ex. 3. Plot the Bystem of circles represented bj 

at" + !/" - IOe + 9 + t(a!« + ys + 8a; + 9) = 0. 



SotutUm. The figure shows the circles 

plotted in heavy lines and the circles correapoading to 
* = i, IT, i, - 10, - A. wid ~ ¥* 
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These circles all cut the dotted circle at right angles (problem 7). For k=^ 
the locus is the point-circle (3, 0), and for fc = 8 it is the point-circle (—8, 0). 
In all three examples the radical axis, for which k = —l, is the Y-axis. 

PROBLEMS 

1. If Ci and C2 intersect in Pi and P2, the system (II) consists of all 
circles passing through Pi and P2. 

2. If Ci and C2 are tangent, the «ystem (II) consists of all circles tan- 
gent to Ci and C2 at their point of tangency. 

8. The radical axis of two intersecting circles is their common chord, 
and of two tangent circles is the common tangent at their point of tangency. 

4. Find the equation of the circle passing through the intersections of 
the circles x^ -{-y^ — 1 =0 and x? + y* H- 2 x = which passes through the 
point (3, 2). Ana. 7x2 + 7y2 _ 24x - 19 = 0. 

5. Two circles x^ + 2/^ + Dix + Eiy + Fi = and x^ + y^-h D^x -h E2y 
+ F2 = intersect at right angles when and only when D1D2 4- E1E2 — 2 Fi 

- 2 F2 = 0. 

Hint. Construct a triangle by drawing the line of oentera and the radii to a point of 
intersection P^. 

6. The equation of the system (II) may be written in the form x^ -f- y^ 
+ fc'x + F = 0, where F is constant and kf arbitrary, if the axes of x and y be 
respectively chosen as the line of centers and the radical axis of C\ and C%, 

7. The sys tem i n problem 6 consists of all circles whose intercepts on the 
Y-axis are ± V— F if P<0, which are tangent to the Y-axis at the origin if 
P = 0, and which intersect the circle x^ -f y2 = P at right angles if P>0. 

8. The square of the length of the tangent from Pi (xi,yi) to the circle 
x2 + y2 4. 2)x + Fy + P= is Xi2 + 2/i2 + Bzi + Eyx -h P. 

Hint. Construct a right triangle by joining P^ and the point of tangency to the center. 

9. The locus of points from which tangents to two circles are equal is 
their radical axis. 

10. Find the radical axes of the circles x^ -\- y^ — 4^x = (i^ x^ -\-y^ -\-Qx 

— 8 y = 0, and x^-\-y^-\-Qx — ^ = (i taken by pairs, and show that they 
meet in a point. 

11. Show that the radical axes of any three circles taken by pairs meet 
in a point. 

12. By means of problem 11 show that a circle may be drawn cutting any 
three circles at right angles. 

18. Show that the radical axis of any pair of circles in the system (II) 
is the same as the radical axis of Ci and (7s. 

14. How may problem 11 be stated if the three circles are point-circles ? 



CHAPTER VT 
POLAR COORDINATES 

55. Polar coordinates. In this chapter we shall consider a ■ 
second method of determining points of the plane by pairs of 
real numbers. We suppose given a fixed point 0, called the 
pole, and a fixed line 0.4, passing through 
0, called the polar axis. Then any point 
P determines a length OP = p and an 
angle A OP = 6. The numbers p and 6 
are called the poUr coordinates of P. p is 
called the radius Tector and 6 the Tectorial \ 

angle. The vectorial angle is positive \ 

or negative as in Tr^onometry (p. 11). ^^ 

The radius vector is positive if P lies on the terminal line of 6, 
and negative if P lies on that line produced through the pole 0. 
Tbns in the fignie Hie ladins Tectot of P ia positive, and that of P" is negatire. 
It is evident that every 
pair of rea.1 numbers (p, 0) 
determines a single point, 
which may be plotted by 
the 

Rule for plotting a point 
tehose polar codrdiftates 
(p, 0) are given. 

First step. Construct the 
terminal Une of the vecto- 
rial angle 0, as in Trigo- 
nometry. 

Second step. Tf the radius 

vector is positive, lay off a 

length OP = p on the terminal line of 0; if negative, produce tho 
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terminal line through the pole and lay off OP equal to the numer" 
ical value of p. Then P is the required point. 

In the figure on p. 125 are plotted the points whose polar coordinates are 

(6.f>(3.»i^>(-3.¥>(6..,a»d(,-?^). 

Every point P determines an irtfinite number of pairs of numbers (p, 0). 

The values of $ will differ by some mul- 
tiple of ity so that if ^ is one value of the 
others will be of the form <p + kit^ where k is 
a positive or negative integer. The values 
of p will be the same numerically, but will 
> be positive or negative, if P lies on OB, 
according as the value of is chosen so that 
OB or 00 is the terminal line. Thus, if 
fy^\^ — £S3>^^ OB = p the coordinates of B may be written 

J- — in any one of the forms (p, ^), (— />i * -h ^)» 

(p, 2 ;r + 0), (— /), ^ — It), etc. 

Unless the contrary is stated, we shall always suppose that $ is 
positive, or zero, and less than 2 ir ; that is, < ^ < 2 tt. 

PROBLEMS 

1 Plot the points (4. f ), (6, ^), ( - 2. ^). (4, 1). ( - 4, ^). 
(5, It). 

2. Plot the pointe (o, ±|), (-2, ±|), (3, ft), (-4, it), (6, 0), 
(- 6, 0). 

8. Show that the points {p, 0) and {p, — 0) are symmetrical with respect 
to the polar axis. 

4. Show that the points {p, 0), (— p, 0) are symmetrical with respect to 
the pole. 

5. Show that the points (— p,7t — 0) and (/>, 0) are symmetrical with respect 
to the polar axis. 

56. Locus of an equation. If we are given an equation in the 
variables p and 0, then the locus of the equation (p. 52) is a curve 
such that : 

1. Every point whose coordinates (p, 6) satisfy the equation lies 
on the curve. 

2. The coordinates of every point on the curve satisfy the 
equation. 
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The curve may be plotted by solving the equation for p and 
finding the values of p for particular values of until the coor- 
dinates of enough points are obtained to determine the form of 
the curve. 

The plotting is facilitated by the use 6t polar coordlDate paper, which enables 
ns to plot values of by lines drawn through the pole and values of p by circles 
having the pole as center. The tables on p. 14 are to be used in constructing 
tables of values of p and 0. 

In discussing the locus of an equation the following points 
should be noticed. 

1. The intercepts on the polar axis are obtained by setting 
tf = and = IT and solving for p. 

But other values of may make p = and hence give a point on the polar axis, 
namely, the pole. 

2. The curve is symmetrical with respect to the pole if, when 
— p is substituted for p, only the form of the equation is changed. 

3. The curve is symmetrical with respect to the polar axis if, 
when — tf is substituted for 0, only the form of the equation is 
changed. 

4. The directions from the pole in which the curve recedes to 
infinity, if any, are found by 
obtaining those values of 6 for 
which p becomes infinite. 

5. The method of finding the 
values of which must be ex- 
cluded, if any, depends on the 
given equation. 

Ex. 1. Discuss and plot the locus 
of the equation p = 10 cos 0, 

Solution. The discussion enables us 
to simplify the plotting and is there- 
fore put first. 

1. For ^ = p = 10, and foT0=7t 
p = — 10. Hence the curve crosses the 
polar axis 10 units to the right of the 
pole. 

2. The curve is symmetrical with respect to the polar axis, for 
co8(— 0) = costf (4, p. 12). 
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3. As COB 9 is never infinite, 
the curve doea not recede to 
infinity. Hence the curve is a 

4. No values of make p 
imaginary. 

Computing a. table of values 
, we obtain ttie table on p. 127. 
As the curve i a symmetrical 
with respect to the polar axis, 
the rest of the curve may be 
easily construcled without Com- 
puting the table farther ; but 
as the curve we have already 
coiistruct«d is symmetrical 
with respect to the polar axis, 
no new poiots are obtained. The locus Is a circle. 
Ex. 2. DiscuBB and plot the locus of the equation p* = a*coe2tf. 
Solution. The discnsBlon gives 
us the following properljes. 

1. For « = or jr (i = ±o. 
Hence the curve crosses the 
polar axis a units lo Uie right 
and left of the pole. 

2. The curve is symmet- 
rical with respect to the pole. 

3. It is also symmetrical 
with respect to the polar 
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{4, p. 12). 

4. pdoeanotbecomeinflniia 

6. p is imaginary when 
cos2fl is negative. eos2e 
is negative when 29 is in 

the second c 
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third quadrant; that is, when 
!«>; or Ii>2.>^. 
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The complete curve la obtained by plotUng these pointa and the points 
gymmetrical to them with respect to the polar axis. The curve is c^ed a 
In the figure a Ls taken equal to S.6. 
:. 3. Discuss aud-plot the locus of the equaUoa 



Solution. 1. For 8 = p = 1, and for e = « p = oo j bo the curre croBses 
the polar axis one unit to the right of the pole. 

2. The curve is not symmetrical vrith respect to the pole. How may this 
be inferred from 1 ? 

3. The curve is Bymmetrical with respect to the polar axis, since 
cos(-e) = C0B»(4, p. 12). 

4. p becomes infinite when 1 + cos e = or cos 6 = — 1 and hence 
B = jt. The curve recedes to infinity in but one direction. 

5. p is never imaginary. 

On account of 3 the table of values is computed only to $= ic, and the 
resf of the curve is obtained from the symmetry with reapect to the polar 
The locus is a parabola. 
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PROBLEHS 
DiscnSB and plot the loci of the following equations. 
1. p = 10. 8 = tan-"l. B. fi8infl = 4. 

t. p = 6. » = ^. 6. p = — 1- 



() = 16 cos 9. 



t.p = 
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8. p = - 

l - 2 cos ^ 

9. /) = a sin $, 

10. /) = a (1 — cos 6), 

11. /)2sin2^ = 16. 

12. p2 = i6sin2^. 

13. /)2 CQ82 2 ^ = a2. 

14. p = asin2 0. /) = aco82tf. 
8 



15. /) = 



1 — c cos 
for c = 1, 2, i. 



16. pcos^ = asin^^. 

17. /) cos e = a cos 2 ^. 

18. p = a(4 H- 6cosf) 

for 6 = 1, 4, 6. 

10 

19. /) = 

1 + tan ^ 

20. /» = a sec ^ ± 6 

for a > 6, a = 6, a < 6. 

21. p = a^. 

22. /> = a sin 3 ^. p = a cos 3 6, 



23. Prove that the locus of an equation is symmetricial with respect to 

^ = — if the results of substituting — + ^ and 6 give equations which 

2 2 iu 

differ only in form. 

24. Apply the test for symmetry in problem 23 to the loci of 4, 5, 10, 11, 
and 12. 

57. Transformation from rectangular to polar coordinates. 

Let OX and OF be the axes of a rectangular system of co5rdi- 

nates, and let be 
the pole and OX the 
polar axis of a sys- 
tem of polar coor- 
dinates. Let (x, y) 
and (p, 6) be respec- 
tively the rectan- 
gular and polar coor- 
dinates of any point 
P. It is necessary 

to distinguish two cases according as p is positive or negative. 
When p is positive (Fig. 1) we have, by definition, 

cos $ = -y sm ^ = -f 
P P 

whatever quadrant P is in. 
Hence 




(1) 



X = p cos 0, y = p sin ft 
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When p is negative (Fig. 2) we consider the point P' symmet- 
rical to P with respect to 0, whose rectangular and polar coordi- 
nates are respectively (— x, — y) ai;^d (— p, $), The radius vector 
of P', — /D, is positive since p is negative, and we can therefore use 
equations (1). Hence for P' 

— x =— p cos Of — y = — p sin ^; 
and hence for P 

X = p cos 6, y = p sin 6, 
as before. 

Hence we have 

Theorem I. If the pole coincides with the origin and the polar 
axis vnth the positive X-axis, then 

a? = pcoa$, 
paia$, 

where (x, y) are the rectangular coordinates and (p, 0) the polar 
coordinates of any point. 

Equations I are called the equations of transformation from rec- 
tangular to polar coordinates. They express the rectangular 
coordinates of any point in terms of the polar coordinates of 
that point and enable us to find the equation of a curve in polar 
coordinates when its equation in rectangular coordinates is known, 
and vice versa. 

From the figures we also have 



« {»: 



(2) 



p^ = 3c^ + y^, $ = taxr^^y 

sin $ = f cos 9 = 



-J- -y/ac^ + ya ± Voj" + y^ 

These equations express the polar coordinates of any point in terms 
of the rectangular coordinates. They are not as convenient for use 
as (I), although the first one is at times very convenient. 

Ex. 1.' Find the equation of the circle x^ 4- y^ = 25 in polar coordinates. 

SoliUion. Substitute the values of x and y given by (I). This gives 
f^ cos2 6 + f^ 8in2 e = 26, or (by 3, p. 12) p2 = 26 ; and hence /> = ± 5, which 
is the required equation. It expresses the fact that the point (f>, 6) is five 
units from the origin. 
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Ex. 2. Find the equation of the lemniscate (Ex. 2, p. 128) p^ = a^ cos 2 tf 
in rectangular co5rdinate8. 

Solution. By 14, p. 13, we have 

Multiplying by ffl, />* = a^ (V cos2 tf - p2 sins^). 

From (2) and (I), (x^ -^ y^^ = a^x^ - j/^. Ana. 

58. Applications. 

Theorem IL The general equation of the straight line in polar 
coordinates is 

(II) p(A cos ^ + 5 sin ^) + C = 0, 

where A, J5, and C are arbitrary constants. 

Proof. The general equation of the line in rectangular coordi- 
nates is (Theorem II, p. 77) 

Ax-\-By-{-C^O. 

By substitution from (I) we obtain (II). q.e.d. 

When ^ = the line is parallel to the polar axis, when £ = it is perpendicular 
to the polar axis, and when C = it passes through the pole. 

In like manner we obtain 

Theorem in. The general eqtcation of the circle in polar coordi- 
nates is 

(III) p^-^p(D cose -\-E8ine)-\-F=0, 
where D, E, and F are arbitrary constants. 

Corollary. If the pole is on the circumference and the polar axis 
parses through the center, the equation is 

p — 2r cos ^ = 0, 

where r is the radius of the circle. 

For if the center lies on the polar axis, or X-axis, E — (Corollary, p. 116) ; 
and if the circle passes through the pole, or origin, F =^0. The abscissa of the 
center equals the radius, and hence (Theorem I, p. 116) — ^ i) = r, or D = — 2r. 
Substituting these values of D, E^ and F in (III) gives p — 2 r cos ^ = 0. 

Theorem IV. The length I of the line joining two points Pi (pi, ^i) 
and P^ (p2f O2) is given by 

(IV) P = p^ + />,*- 2 />!/>, cos (*, - *,). 
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Proof, Let the rectangular coordinates of Pi and Pg be respec- 
tively (xi, yi) and (xg, y^)' Then by Theorem I, p. 131, 

X-i = pi cos $1, X2 = p2 COS $2, 

yi = pi sin 01, ya = p^ sin $2^ 
By Theorem IV, p. 24, 

and hence Z'-^ = (pi cos ^i — pa cos dj)^ + (pi sin $i — pa sin ^2)^- 

Removing parentheses and using 3, p. 12, and 11, p. 13, we 
obtain (IV). q.e.d. 

PROBLEMS 

1. Transform the following equations into polar coordinates and plot 
their loci. 

(a) X — 3 y = 0. Ara. = tan-^. 

g 

(b) y + 6 = 0. Ans. p = 

sin^ 

(c) x2 + ya = 16. Ana. p = ±4. 

(d) x3 + y* - ax = 0. Ans. p = acoa 0. 

(e) 2xy = 7. Ans. ^8in2^ = 7. 

(f) x2 - ya = a2. Ans. /)2cos2 ^ = a^ 

(g) X cos w + y sin w — p = 0. Ans. p cos (0 - <a) — p = 0, 

(h) (1 - e2)x2 4- y2 - 2 e2px - e2p2 = 0. -4n8. p = ^ 

1 — e cos 

(i) 2xy + 4y2-8x-h9 = 0. Ans. /)2(8in2^-h4 sin^^) - 8/)COS^4-9 = 0. 

2. Transform equations 1 to 21, p. 129, into rectangular coordinates. 

8. Find the polar coordinates of the points (3, 4), (-4, 3), (6, -12), 
(4, 6). 

4. Find the rectangular coordinates of the points (6, — )»(— 2, — )» 
(3, ;r). V 2/ V 4 / 

61) 

5. Transform into rectangular coordinates p = 



1 — e cos 

59. Equation of a locus. The equation of a locus may often 
be found with more ease in polar than in rectangular coordinates, 
especially if the locus is described by the end of a line of variable 
length revolving about a fixed point. The steps in the process of 
finding the polar equation of a locus correspond to those in the 
Rule on p. 46. 



I 
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Ex. 1. Find the locus of the middle points of the chords of the circle 
C:p — 2rcostf = which pass through the pole which is on the circle. 

Solution, Let P{pj$)he any point on the locus. Then, by hypothesis, 

0P=J0<2, 

where Q is a point on C. 

But OP = p and OQ = 2rco8 tf. 

Hence P = t cos 0. 

From the Corollary (p. 132) it is seen that 
the locus is a circle described on the radius 
of C through O as a diameter. 

Ex. 2. The radius of a circle is prolonged a distance equal to the ordinate 
of its extremity. Find the locus of the end of this line. 

SolutwTL Let r be the radius of the circle, let its center be the pole, and 
let P(/>, 6) be any point on the locus. Then, 
by hypothesis, 




OP=OB-i- CB. 
But OP = p, 

OB = r, 
and CB = r sin $. 

Hence the equation of the locus of P is 

/» = r + rsin^. 
The locus of this equation is called a canlioid. 



P(P.S) 




1. Chords passing through a fixed x>oint on a circle are extended their 
own lengths. Find the locus of their extremities. 

Ans. A circle whose radius is a diameter of the given circle. 

S. Chords of the circle /» = 10 cos which pass through the pole are 
extended 10 units. Find the locus of the extremities of these lines. 

Atu. /» = 10(l + costf). 

3. Chords of the circle /» = 2 a cos which pass through the i»le are 
extended a distance 2 5. Find the locus of their extremities. 

Ans, /> = 2(& + aoo8^ 
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4. Find the locus of the middle points of the lines drawn from a fixed 
point to a given circle. 

Hint. Take the fixed point for the pole and let the polar axis pass through the center 
of the circle. 

Ana. A circle whose radius is half that of the given circle and whose 
center is midway between the pole and the center of the given circle. 

5. A line is drawn from a fixed point meeting a fixed line in Pi. Find 
the locus of a point P on this line such that OPi • OP = a^. Ans. A circle. 

6. A line is drawn through a fixed point meeting a fixed circle in Pi 
and Pa. Find the locus of a point P on this line such that 

OP = 2 -9^1.l9^ , Ana, A straight line. 
OPi + OPa 
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TRANSFORMATION OF COORDINATES 

60. When we are at liberty to choose the axes as we please 
we generally choose them so that our results shall have the sim- 
plest possible form. When the axes are given it is important 
that we be able to find the equation of a given curve referred ta 
some other axes. The operittion of changing from one pair of 
axes to a second pair is known as a transformation of coordinates. 
We regard the axes as moved from their given position to a new 
position and we seek formulas which express the old coordinates 
in terms of the new coordinates. 

61. Translation of the axes. If the axes be moved from a first 
position OX and OF to a second position O'X' and O'F' such that 
O'Z' and O^T are respectively parallel to OX and OY, then the 
axes are said to be translated from the first to the second position. 

Let the new origin be 0\h, k) and let the coordinates of 

any point P before and after the 
translation be respectively (aj, y) 
and (x\ 1/'), Projecting OP and 
OO'P on OX, we obtain (Theorem 
XI, p. 41) 

X = x' -{- h. 
Similarly, y = y' -{- k. 

Hence, 

Theorem L If the axes be translated to a new origin (h, k)^ and 
if (x, y) and (x', y') are respectively the coordina;tes of any point P 
before and after the translation, then 

.J. rx = acf + h, 




-{-k. 
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Equations (I) are called the equations for translating the axes. 
To find the equation of a curve referred to the new axes when 
its equation leferred to the old axes is given, we substitute the 
values of x and y given by (I) in the given equation. For the 
given equation expresses the fact that P(x, y) lies on the given 
curve, and since equations (I) are true for all values of (x, y), the 
new equation gives a relation between x' and y' which expresses 
that Pix', y') lies on the curve and is therefore ($. 46) the equa- 
tion of the curve in the new coordinates. 

Ex. 1. Transform the equation 

3? ■\- y^ - Gx + Ay- 12 = (i 
when the axes are translated to the new origin (3, — 2). 

Solution. Here ft = 3 and k = —2, so equations (1) become 



+ 4 (r- 2) -12 = 0, 
or, reducing, a;'* + y^ = 25. 

This result could easily be foreseen. 
For tbe locus of the given equation is 
(Theorem I, p. 118) a circle whose center is 
(3, — 2) and whose radius ia 5. When tbe 
ori^n is translated to the center the equa- 
tion of the circle must necessarily have 
the form obtained (Corollary, p. 61). 

PROBLEMS 
1. Find the new coordinates of the points ( 

axes are translated to tbe new origin (3, 6). 
S. Transform the following equations wbei 

new ori^n indicated and plot both palis of ax 

(a) 8l-4y = 6, (2,0). 

(b) i» + i/2-4i-2i/ = 0, (2, 1). 

(c) y»-6a; + = O,(3,0). 

(d) a:* + 1/3 _ 1 = 0, (- 3, - 2). 

(e) {/»-2fc>: + *s = 0, {^, o)- 

(f) je»'-4y»+8a:+24j/-20^0, (-4, 



- 6) and (— 4, 2) when tbe 



M are translated to the 



Ara. if^ + y^: 
Ans. !^ = 6i'. 
Ana. xT'+iT'-' 
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8. Derive equations (I) if CK is in (a) the second quadrant ; (b) the third 
quadrant ; (c) the fourth quadrant. 

62. Rotation of the axes. Let the axes OX and OF be rotated 
about through an angle to the positions OX' and oy. The 
equations giving the coordinates of any point referred to OX and 
OF in terms of its coordinates referred to OX* and OT are called 
the equations for rotating the axes. 

' Theorem IL The equations for rotating the axes through an angle 

are 
P 




(11) 



'a? = a;' cos 9 — yf sin 9^ 
2/ = 0?' sin 9 + y^ cos 0. 



Proof. Let P be any point 
whose old and new coordi- 
^ nates are respectively (x, y) 
^ and (x\ y'). Draw OP and 
draw Pilf' perpendicular to 0X\ Project OP and OWP on OX. 



The proj. of OP on OX 
The proj. of OM" on OX 



= X. 



(Theorem III, p. 24) 



x' cos 0. (Theorem II, p. 23) 

The proj. of M'P on OX = y' cos ( ? + ^ )• (Theorem II, p. 23) 

= - y' sin 0, (by 6, p. 13) 

Hence (Theorem XI, p. 41) 

X = x' cos — y* sin 0, 

In .like manner, projecting OP and OM'P on OY, we obtain 

'^-0\+y^cose 



y = x' cos 



= x^ smO 4-y'cos^. 



Q.E.B. 



If the equation of a curve in x and y is given, we substitute 
from (II) in order to find the equation of the same curve referred 
to OX' and OV. 
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= 16 when tbe axes are rotated 



Er. 1. Transfora 




x^-V» = t 


through J. 






Solvtion. Since 






«i.J = lVi 


1 
V2 




and cos?' = J-. 

4 Vi 










"=^"'= 


xf + v' 
V2 




Subatitnting in 


the given 




equation, we obtain 








' i^)-- 




or, simplifying. 


iV + 8 = 0. 



1. Find the coordinates of the points (8, 1), (— 2, 6), and (4, — I) when 
the axes are rotated through — 

2. Transform the following eqaations when the axes are rotated through 
the iDdicat«d angle. Plot both p»rs of axes and the curve. 

(a) x~y = 0, J- Ana. y' = 0. 

(b) is + 2iy + i/* = 8, ~ Ara. z^ = 4. 

(c) j/* = ix, Ans. x^ = iy'. 

<d) a^ + 4ijf + ff» = 16, |. Ana. 3jj^ - y^ = 16. 

(e) je« + ys = r!, A -4ns. i^ + j/^ = r«. 

(I) X' + 2xy + j/' + ix-*y = l>, -j- .Ins. V2jr^ + 4a;' = 0. 

I. Derive equations (II) if 9 Is obtuse. 

63. General transformation of coQrdinates. If the axes are 
moved in any manner, they may be brought from the old position 
to the new position by translating them to the new origin and 
then rotating them through the proper angle. 



140 



ANALYTIC GEOMETRY 



(III) 



r 


1 


> 




'~~x" 





V 


/^ 








X 






y 



Theorem IIL If the axes he translated to a new origin (A, k) and 
then rotated through an angle 0, the equations of the transforma- 
tion of coordinates are 

'a? = 0?' cos 9 — 2/' sin 9 + h, 
|y = 05' sin tf + y' cos tf + A;. 

Proof To translate the axes to O'-Y" and O'F" we have, by (I), 

a; = 05" 4- h, 

y^y''-\' k, 

where (x", i/") are the coordi- 
nates of any point P referred 
to O'.Y" and OT". 

To rotate the axes we set, 

ty(n), 

a;" = x^ cos — y' sin ^, 
y" = x' sin ^ + y' cos 0, 
Substituting these values of x" and y", we obtain (III), q.e.d. 

64. Classification of loci. The loci of algebraic equations 
(p. 10) are classified according to the degree of the equations. 
This classification is justified by the following theorem, which 
shows that the degree of the equation of a locus is the same no 
matter how the axes are chosen. 

Theorem IV. The degree of the equation of a locus is unchanged 
by a transformation of coordinates. 

Proof Since equations (III) are of the first degree in a;' and 
y\ the degree of an equation cannot be raised when the values of 
X and y given by (III) are substituted. Neither can the degree 
be lowered; for then the degree must be raised if we transform 
back to the old axes, and we have seen that it cannot be raised 
by changing the axes.* 

As the degree can neither be raised nor lowered by a trans- 
formation of coordinates, it must remain unchanged. q.e.d. 



* This also follows from the fact that when equations (III) are solyed for or' and y the 
results are of the first degree in x and y. 
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65. Simplification of equations by transformation of coordi- 
nates. The principal use made of transformation of coordinates 
is to discuss the various forms in which the equation of a curve 
may be put. In particular, they enable us to deduce simple forms 
to which an equation may be reduced. 

Rule to simplify the form of an equation. 

First step. Substitute the values of x and y given by (I) [or (II)] 
and collect like powers of a;' and y\ 

Second step. Set equal to zero the coefficients of two terms 
obtained in the first step which contain h and k (or of one coeffir 
dent containing 0). 

Third step. Solve the eqvxitions obtained in the second step for 
h and k* (or ff). 

Fourth step. Substitute these values for h and k (or 0) in the 
result of the first step. The result will be the required equation. 

In many examples it is necessary to apply the rule twice in 
order to rotate the axes, and then translate them, or vice versa. 
It is usually simpler to do this than to employ equations (III) 
in the Rule and do both together. Just what coefficients are 
set equal to zero in the second step will depend on the object 
in view. 

It is often convenient to drop the primes in the new equation 
and remember that the equation is referred to the new axes. 

Ex. 1. Simplify the equation y^ — Sx + Q y + 17 = by translating the 
axes. 

Solution, First step. Set x = x^ + h and y = y^ + k. 

This gives {y" + k)^ - 8(x' + h) + 6(/ + A:) + 17 = 0, or 

(1) j^-8x'4-2A; 2/'+ i-2 t =0. 



y^-8xf-\-2k 


y'+ k^ 


+ 6 


-Sh 


+ 6A: 




+ 17 



• It may not be possible to solve these equations (Theorem IV, p. 81). 

t These vortical bars play the part of parentheses. Thus 2 ^' + 6 is the ooefficient of y' 
and k' — 8h + 6k + n is the constant terra. Their use enables us to collect like powers 
of x' and y^ at the same time that we remove the parentheses in the preceding equation. 
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Second step. Setting the coefficient ol y" and the constant term, the onl; 
coefficients containing h and k, equal to zero, we 
obtain 

(2) 2£ + 6 = 0, 

(3) t«-eA + 6ft + 17 = l>. 
Tblrd step. Solving (2) and (3) for A and t, 

I = - 3, A = I. 
Fourth step. Substituting in (1), remember- 
ing tliat h and k satisfy (2) and (3), we hare 

The locus is the parabola plotted in the figure 
which shows the new and old axes- 
Ex. 2, Simplify a;' + 4 y»- 2 1- 16^ + 1 = 
by translating the aiea. 

SolutUm. FirHtatep. Seti=ii!' + A,i;=y'+jt. 
This gives 
X^ + iy^+2h\af + Bitty' + A" =0. 
-2 I -Iflj +4t» 
-2A 
-16* 




' Second step. Set the coefficients of x" and y' equal to zero. This gives 
2A-2 = 0, 8i-ia = 0. 
Third step. Solving, we obtain 

A = l, i = 2. 
Fourth step. Substltnting in (4) , we obtain 

1-3 + 41^=10. 

Plotting on the new axes, we obtain the 
figure. 

Ex. 3. Remove the ^-tenn from x'^ + ixy + y' = iliy rotating the axes. 
Solution. Fiist step. Set x = x'cosff — y'einS and y=sx'mn0 + y'coeO, 
whence 

cos' e 1 1-' - 2 sin fl COB fl \x'y'+ sln» 8 \y^ = i. 

+ 4 sin # cos fl 4- 4 (cos^ - sin' 9) -4 sin flcos 9 

+ sin' fl I + 2 sin tf cos e | + cos* \ 

or, by 3, p. 12, and 14, p. 13, 
(5) (l+2Bin2fl)a!^ + 4cos2e-3:'y' + (l-2sin2#)i^ = 4. 
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Second step. Setting the coefficient of xV equal to zero, we have 

cos 2^ = 0. 
Third step. Hence 

« ^ ^ .. '^ 

20 = — ,'.$ = — 

2 4 

Fourth step. Substituting in 
(6), we obtain, since sin — = 1 
(p. 14), 



3x'2_/2=,4. 



The locus of this equation is 
the hyperbola plotted on the 
new axes in the figure. 
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From cos 2 ^ = we get, in general, 2 ^ = — + mt^ where n is any positive 

tc It 

or negative integer, or zero, and hence 6 = — h » — • Then the xy-term may 

4 2 

be removed by giving 6 any one of these values. For most purposes we 
choose the smallest positive value of ^ as in this example. 

Ex. 4. Simplify x8 + 6x2 + 12a;--4y + 4 = by translating the axes. 

Solviion. First step. Set 

x = x' + h, y = y' -{■ k. 




We obtain 








(6) x'8 + 3^ 


x'^^ Sh^ 


x'-4y'-\- AS 


= 0. 


+ 6 


+ 12h 


+ 6A2 






+ 12 


+ 12A 




- 4k 




+ 4 




Second sU 


sp. Set equj 


Ekl to zero the coef 


Qcient 



?/ of x'^ and the constant term. This gives 



8A + 6 = 0, 
A8 + 6A2 + 12A-4A; + 4 = 0. 
Third step. Solving, 

A = -2, k = -l. 
Fourth step. Substituting in (6), we obtain 
x's- 42^ = 0, 



whose locus is the cubical parabola in the figure. 
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PROBLEMS 



1. Simplify the following equations by translating the axes. Plot both 



pairs of axes and the curye. 

(a) a;2 + 6x + 8 = 0. 

(b) x2-4y + 8 = 0. 

(c) {c2 + y2 _|. 4aj - 6y - 3 = 0. 

(d) y2_6x-10y + 19 = 0. 

(e) x2 - y2 + 8{c - 14y + 65 = 0. 

(f) x2 + 4y2_i6aj + 24y + 84 = 0. 

(g) y«4-8x-40 = 0. 

(h) x« - y2 + 14y - 49 = 0. 

(i) 4x2 _ 4a.y^ y2 _ 40x+ 20y+ 99 



= 0. 



^n5. x'2 = 4 y'. 

^n«. X'2 + y'2-ie. 

^rw. x'2 - y'2 _ 0. 

Ans. x'2 + 4y-2 = i6. 

^n5. 8x' + y''J = 0. 

^TW. (2x'-yO^-l =0. 



2. Remove the xj^-term from the following equations by rotating the axes. 



Plot both pairs of axes and the curve. 

(a) x2-2xy + y2 = i2. 

(b) x2 - 2xy + y2 + 8x + 8y = 0. 

(c) xy = 18. 

(d) 25x2 + i4a;y 4. 25 y2 = 288. 

(e) 3x2 - 10xy_+ 3y2 = 0. 

(f) 6x2 + 20 V3xy + 26y2 = 324. 



Ans, 1^ = 0. 

-4713. V^2^ + 8x^ = 0. 

Ana. x'^ -2^ = 36. 

Atis. 16 x'2 + 9 y'a = 144. 

Ans. x'2-42^2_o. 

Ans. 9x^2 -./2 = 81. 



66. Application to equations of the first and second degrees. 

In this section we shall apply the Rule of the preceding section 
to the proof of some general theorems. 

Theorem V. By moving the axes the general equation of the first 

degree, 

Ax + Bg+C = 0, 

may he transformed into x' = 0. 

Proof, Apply the Rule on p. 141, using equations (UUL). 

Set aj = x' cos B — y* sin B -{- h, 

y = x' sin B ■\- y^ cos B •\-k. 

This gives 



(1) 



A cos B 
+ ^ sin ^ 



x^ — A sin B 


y' + Ah 


-h 5 cos ^ 


-^ Bk 




+ c 



= 0. 



TRANSFORMATION OF COORDINATES 



145 



Setting the coefS.cient of y^ and the constant term equal to zero 
gives 

(2) - ^ sin ^ + 5 cos ^ = 0, 

(3) Ah-^Bk-^C=^0, 



From (2), 



T> 

tan ^ = —> or ^ 
A 



=«»-(!)■ 



From (3) we can determine many pairs of values of h and k. 
One pair is 

A 

Substituting in (1) the last two terms drop out, and dividing 
by the coefficient of a;' we have left a;' = 0. q.e.d. 

We have moved the origin to a point {h, k) on the given line 
Z, since (3) is the condition that (7i, k) lies on the line, and then 
rotated the axes until the new axis of 
y coincides with L, The particular 
point chosen for (h, k) was the point 0' 
where L cuts the X-axis. 

This theorem is evident geometric- 
ally. For x' = is the equation of 
the new F-axis, and evidently any line 
may be chosen as the F-axis. But the theorem may be used to 
prove that the locus of every equation of the first degree is a 
straight line, if we prove it as above, for it is evident that the 
locus of aj' = is a straight line. 

Theorem VI. The term in xy may always he removed from an 
equation of the second degree, 

Ax^ 4- Bxy ■\-Cy^ + Dx + Ey-\-F=(^y 

hy rotating the axes through an angle such that 




(VI) 



tan29 = 



A-C 
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Froof, Set 
and 

This gives 

(4) ^^cos^ 

-h B sin cos 
4- C sin^ Q 



X = x' COS — y' sin ^ 
y = x' sin -{- y' cos ft 



a;y-|--4sin*^ 

— ^ sin ^ cos 
4- C cos^ ^ 



x' — D sin ^ 
4- -E^ cos ^ 



a;'2-2^sin^cos^ 
+ B (cos^ ^ - sin» 0) 
4-2Csin^cos^ 

-f D cos ^ 
+ -E^ sin ^ 

Setting the coefficient of x'y' equal to zero, we have 

(C - ^)2 sin ^ cos ^ 4- ^(cos^ - sin^ 0) = 0, 
or (14, p. 13), (C - ^)sin 2 ^ 4- J? cos 2 ^ = 0. 

B ' 



y 



fS 



y4-i^=0. 



Hence 



tan 2 ^ = 



A-C 

If B satisfies this relation, on substituting in (4) we obtain an 
equation without the term in xy. q.e.d. 

Corollary. In transforming an equation of the second degree hy 
rotating the axes the constant term is unchanged unless the new 
equation is multiplied or divided hy some constant. 

For the constant term in (4) is the same as that of the given equation. 

Theorem VII. The terms of the first degree n%ay he removed from 
an equation of the second degree^ 

Ax^ 4- Bxy -\-Cy* + Dx-\-Ey-^F=()y 

hy translating the axesy provided that the discriminant of the terms 
of the second degree, A = B^ — 4:AC, is not zero. 

Proof Set x = x' + h, y = y' + k. 

This gives 

= 0. 



(5) Ax'^ + Bxy + Cy'^ ^2 Ah 


x' 4- Bh 


y' + Ah^ 


+ Bk 


-\-2Ck 


-^ Bhk 


+ D 


-\-E 


■JtCk'' 


-\-Dh 


4-^A; 






4-F 
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Setting equal to zero the coefficients of x' and y', we obtain 

(6) 2Ah + Bk-j-D = 0, 

(7) Bh-\'2Ck + E = 0. 

These equations can be solved for h and k unless (Theorem 

IV, p. 81) 

2A _ B 

B ^ 2& 
or 52-4^C = 0. 

If the values obtained be substituted in (5), the resulting equa- 
tion will not contain the terms of the first degree. q.e.d. 

Corollary I. If an equation of the second degree he transformed 
hy translating the axes, the coefficients of the terms of the second 
degree are unchanged unless the new equation be multiplied or 
divided by some constant. 

For these coefficients in (5) are the same as in the given equation. 

Corollary II. When A is not zero the locus of an equation of the 
second degree has a center of symmetry. 

For if the terms of the first degree be removed the locus will be symmetrical 
with respect to the new origin (Theorem V, p. 66). 

If A = -82 — 4^(7=0, equations (6) and (7) may still be solved for h and k 

2A B D 
if (Theorem IV, p. 81) -^ = T7; = — » when the new origin {h, k) may be any 

point on the line 2Ax + By + 2> = 0. In this case every point on that line will 
be a center of symmetry. 

For example, consider x^ -{■ ^zy -{- ^y^ -{- ^x + Sy + S = 0. For this equation 
equations (6) and (7) become 

2A + 4A; + 4 = 0, 

4^ + 8A; + 8 = 0. 

In these equations the coefficients are all proportional and there is an infinite 
number of solutions. One solution iah = ^2, k = 0. For these values the given 
equation reduces to 

«2 + 4Ky + 4y2_i = o, 

or (a; + 2y -fl) (a; + 2y - 1) = 0. 

The locus consists of two parallel lines and evidently is symmetrical with 
respect to any point on the line midway between those lines. 
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MISCELLANEOUS PROBLEMS 

1. Simplify and plot. 

(a) y2 _ 5y + 6 = 0. (e) x^ + 4icy + y^ _. g. 

(b) x2 + 2xy + y2-6a;-6y + 5 = 0. (f) x2_9y2_2x- 36y + 4 = 0. 

(c) 2/2 + 6x-10y + 2 = 0. - (g) 25y2- 16x2 + 50y- 119 = 0. 

(d) x2 + 4y2 _ 8x - 16y = 0. (h) x2 + 2xy ^-y^-'^x-^, 

2. Find the point to which the origin must he moved to remove the terms 
of the first degree from an equation o^ the second degree (Theorem VII). 

. 8. To what point (A, A;) must we translate the axes to transform 

(1 - c2)x2 + y2 _ 22)x + p2 = into (1 - 62)x2 + y2 _ 2 e2p - c2p2 = ? 

4. Simplify the second equation in problem 3. 

5. Derive from a figure the equations for rotating the axes through H — 
and 1 and verify by substitution in (II), p. 138. 

6. Prove that every equation of the first degree may he transformed into 
y' = by moving the axes. In how many ways is this possible ? 

7. The equation for rotating the polar axis through an angle ^ is 
^ = ^ + 0. 

8. The equations of transformation from rectangular to polar coordi- 
nates, when the pole is the point (A, A;) and the polar axis makes an angle of 
with the X-axis, are 

X =z A + p cos {B 4- 0), 
y = A; + p sin (^ + 0). 

9. The equations of transformation from rectangular coordinates to 
oblique coordinates are x 

X = x' + 2^ cos w, 
y = y' sin w, 

if the X-axes coincide and the angle between OX' and OY' is w. 

10. The equations of transformation from one set of oblique axes to any 
other set with the same origin are 



^ ^ ^, Bin(»-») ^ ^ 8in(>,-,^) 
sin w sin oi 

y = ic v V — 



sm ia sin ta 

where w is the angle between OX and OY, ^ is the angle from OX to OX'^ 
and ^ is the angle from OX to OY^ 



CHAPTER VIII 



CONIC SECTIONS AND EQUATIONS OF THE SECOND DEGREE 

67. Equation in polar coordinates. The locus of a point P is 
called a conic section^ if the ratio of its distances from a fi^ed 
point F and a fixed line DD is constant. F is called the focus, 
DD the directrix, and the constant ratio the eccentricity. The 
line through the focus perpendicular to the directrix is called 
the principal axis. 

Theorem I. If the pole is the focus and the polar axis the princi- 
pal axis of a conic section, then the polar equation of the conic is 



(I) 



/> = 



ep 



1 — ecos^ 



Pip^e) 



where e is the eccentricity and p is the distance from the directrix 
to the focfus. 

Proof Let P be any point on the conic. Then, by definition, 

FP 
E-P^-'' 

From the figure, FP = p 

and • FP = HM = p -f p cos 0, 

Substituting these values of FP and ^^ 
EPj we have 




p -\- pGO^O 



= ej 



or, solving for p. 



ep 
'^ 1 — e cos 



Q.E.D. 



* Becatue these cnnres may be r^arded as the intersections of a cone of reyolution 
with a plane. 
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From (I) we see that 

1. A conic is symmetrical with respect to the principal axis. 

For substituting — for changes only the form of the equation, since 
cos (— 0) = cos 0. 

2. In plotting, no values of B need be excluded. 

The other properties to be discussed (p. 127) show that three 

cases must be considered according as e = 1. 
The i^arabola c = 1. When e = 1, (I) becomes 

^ 1 ^ cos ^' 
and the locus is called a parabola. 

P 

1. For ^ = f) = 00, and for = ir p =^' The parabola 

therefore crosses the principal axis but once at the point O, 

called the vertex, which is ^ to the left of the focus -F, or mid- 
way between F and DD. 

2. p becomes infinite when the denominator, 1 — cos ^, vanishes. 
If 1 — cos ^ = 0, then cos ^ = 1 ; and hence ^ = is the only 
value less than 2 it for which p is infinite. 

TT 

3. When B increases from to —> 

then cos B decreases from 1 to 0, 

1 — cos B increases from to 1, 

p decreases from oo to j9, 

and the point P (p, B) describes the parabola 
from infinity to B, 

IT 

When B increases from — to tt, 

then cos B decreases from to — 1, 

1 — cos B increases from 1 to 2, 

p decreases from jo.to ^> 

and the point P(/), S) describes the parabola from B to the 
vertex O. 
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On account of tlie symmetry with respect to the axia, when 
$ increases from ir to -^i P(p, 6) describes the parabola from O 
to B' ; and when $ increases from —^ to 2 ir, from B' to infinity. 

When e < 1 the conic is called an ellipse, and when « > 1, 
an hyperbola. The points of similarity and difference in these 
curves are brought out by considering them simultaneously, 



TketUipte, e<l. 
. For fl = p = -^ = 



The hyperbola, e>L 
I. For * = p = -^ = - 



As e<],tlie denominator, iuidbeDce As b>I, tbedeuomioator, andhenca 
p,isposiliTe,soUiatweobtainBpoint p, is negative, so tbat we obtain a. 
A on the ellipse to tbe right of F. point A on tbe hyperbola to the ^ft 



£ -. then f V4 ma; be gi 



A» —— >1 {nnmerioallj) whan «>1, 
tben p>p; k ^ U« to the left of A 




= -?-p. pis 



positive, and hence yre obtain apoint positive, and hence we obtain a si 
A' to tbe left of F. ond point A' to the left of F. 



A and A' are called the ti 

the ellipse. 



At — t_<l, then p<]); 10 j 
between B and f. 

^ and j1' are called tbe vaitii 
the hyperbola. 
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The ellipse, e < 1. 

2. p becomes infinite if 

1 — e cos ^ = 0, 

^ 1 
or cos = -' 

e 

As e<l, then ->1; and hence 

e 
there are no values of for which 

p becomes infinite. 

3. When 

increases from to — , 

2 



TJie hyperbola, e > 1. 

2. p becomes infinite if 

1 — e cos ^ = 0, 

^ 1 

or cos^ = -« 

e 

As e > 1, then - < 1 ; and hence 

e 

there are two values of for which 
p becomes infinite. 

3. When 
increases from to cos-^ 



(:> 



then cos decreases from 1 to 0, then 



cos decreases from 1 to - , 

e 



1 — e cos ^ increases froml — ctol; 1 — c cos ^ increases from 1 — c to ; 

ep 
to ep, hence p decreases from to — go, 



ep 



hence p decreases from 

1 — e 

and P {p, 0) describes the ellipse from 

-4 toC. 



When increases from — to jr, 

2 

then cos decreases from to — 1, 
1 — c cos increases from 1 to 1 + e ; 

hence p decreases from ep to t 

1 + e 

and P(p, 0) describes the ellipse from 
CXjoA'. 

The rest of the ellipse, A'C'A, 
may be obtained from the symmetry 
with respect to the principal axis. 

The ellipse is a dosed cwne. 



1-e 

and P(p, 0) describes the lower half 

of the left-hand branch from A to 

infinity. 

When 

increases from cos- ^ ( - ) to — » 

\e/ 2 

then cos decreases from - to 0, 

e 

1 — e cos increases from to 1 ; 

hence p decreases from oo to ep, 

and P (p, 0) describes the upper part of 

the right-hand branch from infinity 

toC. 

It 
When increases from — to jr. 

2 ' 

then cos decreases from to — 1, 
1 — c cos increases from 1 to 1 + c ; 



hence p decreases from ep to 



ep 

T+i' 
and P{p, 0) describes the hyperbola 

from C to A\ 

The rest of the hyperbola, A'C 
to infinity and infinity to A, may be 
obtained from the symmetry with 
respect to the principal axis. 

The hyperbola has two irfinUe 
branches. 
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PROBLEMS 

1. Plot and discuss the following conies. Find e andp, and draw the 
focus and directrix of each. 

2 ^ 



1 — cos 3 — cos 



1 - i cos tf 2 — 3 cos tf 



1 — 2 COS tf 2 — cos tf 

(d)P = :; TTZT-^' {^)P = 



2 - 2 cos ^ 3 — 4 cos ^ 

2. Transform the equations in problem 1 into rectangular coordinates, 
simplify by the Eule on p. 141, and discuss the resulting equations. Find 
the coordinates of the focus and the equation of the directrix in the new 
variables. Plot the locus of each equation, its focus, and directrix on the 
new axes. 

Ans. (a) 2/2 = 4a;, (1,0), x = -l. 

x2 2/2 ^ / 4 ^\ 16 



(i,)5! + ?^ = i, (-1, o), x = - 

x2 2/* . /16 ^\ 4 

(c) —-^ = 1, (— , 0), x = -. 

(d) 2/2 = 5x, (:,0), x=-i. 



27 

, ... 8' 

«!*?=■• (-1- »)•"-!• 

x2 2/2 , /48 ^\ 27 

8. Transform (I) into rectangular coordinates, simplify, and find the coe)r- 
dinates of the focus and the equation of the directrix in the new rectangular 
coordinates if (a) e = 1, (b) e^l. 

Av», (a) 2^ = 2px, (|, o), «=-| 

X2 2/2 , / C2p .\ P 

c^> :^:+:ir=i' (-^, o), x=-^-^. 

(1 - e2)a 1-6* 
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4. Derive the equation of a conic section when (a) the focus lies to the 
left of the directrix ; (b) the polar axis is parallel to the directrix. 

Ans. (a) p = — ; (b) p = 



1 -f e cos ^ 1 — c sin ^ 

6. Plot and discuss the following conies. Find e and p, and draw the 
directrix of each. 



1 + cos tf ^ 3 + 10 cos ^ 



1 - sin ^ ' ' 3 - sm tf 

68. Transformation to rectangular coordinates. 

Theorem n. If the origin is the focus and the X-axis the princi- 
pal axis of a conic section, then its equation is 

(II) (1 - e^ a;2 + y2 _ 2 e^px - eY = 0, 

where e is the eccentricity and x=:—p is the equation of the 
directrix. 

Proof Clearing fractions in (I), p. 149, we obtain 

p — ep cos = ep. 

Set p = ± Vic* + y^ and p cos ^ = a; (p. 131). This gives 

± Vx* -|- y^ — ex = ep, 

or ± Va;* -|- y^ = ex + ep. 

Squaring and collecting like powers of x and y, we have the 
required equation. Since the directrix DD (Fig., p. 149) lies p 
imits to the left of F its equation is a =—p. q.b.d. 

69. Simplification and discussion of the equation in rectangu- 
lar coordinates. The parabola, e = 1. 

When e = 1, (II) becomes 

y^ — 2px —p^ = 0. 

Applying the Eule on p. 141, we substitute 

(1) x:=x^ -{-7iy y = y^^ky 
obtaining 

(2) y« - 2px' + 2 A;y' + Aj2 - 2ph -p^ = 0. 
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Set the coefficient of y' and the constant term equal to zero 
and solve for h and k. This gives 



(3) 



At 



Substituting these values in (2) and dropping primes, the equa- 
tion of the parabola becomes if' = 2px, 

From (3) we see that the origin has been 
removed from F to 0, the vertex of the ^ r* 
parabola. It is easily seen that the new 

coordinates of the focus are j^, 0], and A'' 

the new equation of the directrix is 
Hence 



X = 



~"2 




Theorem m. If the origin is the vertex and the X-axis the axis 
of a parabola, then its equation is 

(III) y« = ^poc. 

The focus is the point ( — , ), and the equation of the directrix 

A general discussion of (III) gives us the following properties of the 

parabola in addition to those already obtained 
(p. 150). 

1. It passes through the origin but does not cut 
the axes elsewhere. 

2. Values of x having the sign opposite to that 
X of p are to be excluded (Rule, p. Q&). Hence the 

curve lies to the right of YT' when p is positive and 
to the l^ when p is negative. 

3. No values of y are to be excluded ; hence the 
curve extends indefinitely up and down. 

Theorem IV. If the origin is the vertex and the Y-axis the axis 
of a parabola, then its equation is 




(IV) 



05* = 2py. 
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V 



The focus is the point I ^> 9 1 ^ «^c^ the equation of the directrix 




P 



Proof. Transform (IIT) by rotating the 

TT 

axes through — — . Equations (II), p. 138, 



give us for =^— — 

x = y', 
y=—x\ 

Substituting in (III) and dropping primes, we obtain x^ = 2py, 

Q.E.D. 



After rotating the axes the whole figure is 



n 



turned through — in the positive direction. 

The parabola lies above or below the JT-azis 
according as p is positive or negative. 

Equations (III) and (IV) are called 
the typical forms of the equation of the 
parabola. 

Equations of the forms 

Ax^ 'hEy = and Cy^ + 2)x = 0, 

where A, E, C, and D are different from zero, may, by transpo- 
yA ' sition and division, be written in one 

^ of the typical forms (III) or (IV), 
so that in each case the locus is a 
- parabola. 





Ex. 1. Plot the locus of x^ _|. 4 y = and 
find the focus and directrix. 

Solution. The given equation may be 

written 

x^ = — 4y. 

Comparing with (IV), the locus is seen to be a parabola for which p = — 2. 
Its focus is therefore the point (0, — 1) and its directrix the line y = 1. 

Ex. 2. Find the equation of the parabola whose vertex is the point O* 
(3, — 2) and whose directrix is parallel to the F-axis, if p = 3. 
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Solution. Referred to (XX' and O'Y' as axea, the equation of the parabola 
Is (Theorem III) 

(4) y^ = 6ic'. 

The equation for translating the ases from 
O to (X are (Theorem I, p. 136) 

x = a;' + 3, jf = y'-2, 
whence 

(5) E' = * - 3, ji' = y + 2. 
Substituting in (4), we obtain as the re- 
quired equation 

(i, + 2)> = fl(3^-3), 
or J/" — 8x + 4]/ + 22 = 0. 

Referred to lyX' and OT', the coBrdinates 
of f are (Theorem 111) (J, 0) and the equa- 
tion of DD is a^ = - %. By (5) we see that, 

referred to OX and OF, the coordinates of F are (J, — 2) and the equation 
of JDD is I = S- 

PSOBLEHS 



(a)v> 


= 4*. 




Wy*- 


6l: 


= 0. 






(b)!-' 


+ 4z = 0. 




(e)a= + 10y 


= a 






(C) !> 


-8j/ = 0. 




(E)i'' + 


» = 


0. 






S. If the directrix is 
parabola for wliich 


parallel to the 


F-axis, : 


find 


the 




of the 


(a)i.: 


= 6, if the vertej 


c is (3, 4). 


Ai\x. 


(v- 


-4)s 


= ia(z- 


-3). 


(b)p; 


= - 4, if the vertex is (2, - 3). 


Ans. 


{y + 8)» 


= -8(* 


^2). 


(C)p: 


= 8, if the vertex is {- 5, 7). 


Am. 


(i*- 


-7)' 


= 16(x + 5). 


('1)P^ 


= 4, if the vertej 


Lis (ft, I). 


Am. 


(y- 


-t)= 


= 8(:k- 


A). 


8. The chord through 
nctum. Find the length 


the focus perpendicular to the axis: 
L of the latua rectum of y^ = 2ya. 


is called the latuB 

^IM. 2 p. 



1. What is the equation of the parabola whose axin is parallel to the axis 
of y and whose vertex is the point (a, j3)? Am. (a — a)' = 2p(y — /S), 

B. Transform to polar eoQrdinatea and discuss the resulting equations 
(a)i/» = 2pz, (b)x= = 2py. 

6. Prove that the abscissas of two points on the parabola (III) are propor- 
tional to the squares of the ordlnates of those points. 
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70. Simplification and discussion of the equation in rectan- 
gular coordinates. Central conies, e ^ 1. When e^l, equation 
(II), p. 154, is 

(1 — e*)x* + y' - 2 e^x - e^ = 0. 

To simplify (Eule, p. 141), set 

(1) x = x'-{-hy y = i/'-\-kf 

which gives 



(2) (1 - e^x'* + y'2 + 2 A (1 - e«) 

-2e^ 



- 2 e^ph 



— e^j)^ 



= 0. 



Setting the coefficients of x' and y' equal to zero gives 

2 A(l - e^ - 2 e^ = 0, 2k = 0, 
whence 

Substituting in (2) and dropping primes, we obtain 

or 

(1 _ ey iT^ 

This is obtained by transposing the constant term, dividing by it, and then 
dividing numerator and denominator of the first fraction by 1 — e^. 

The ellip9e, e < 1. The hyperbola, e > 1. 

From (3) it is seen that h is poH- From (3) it is seen that h is negcL- 

live when e < 1. Hence the new ori- tive when c> 1. Hence the new ori- 
gin O lies to the right of the focus F, gin O lies to the left of the focus F. 

Further, > 1 numerically, so 

1 — e* 

h>p numerically; and hence the 

new origin lies to the left of the 

directrix DD, 
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The locus of (4) is symmetrical with respect to YY* (Theorem 
V, p. ^^)^ Hence is the middle point oi AA'. Construct in 



D 






r 


\ 






d' 


E 




p. 


*- 


n 


\ X 

\ > 

\ 
\ 


\ 


B' 


1 


1 


X' 


A 


F 









h 


X 


D 




V^ 


Y 


1^ 


^ 




D' 




r^ 



- E' 



D 



E 




either figure F' and D^D' symmetrical respectively to F and DD 
with respect to YT. Then F' and 7)'i>' are a new focus and 
directrix. 

For let P and P' be two points on the curve, symmetrical with respect to YY\ 

Then from the symmetry PF= P'F' and PE= P'E', But since, by definition, 

PF P'F' 

-— = e, then = e. Hence the same conic is traced by P', using F' as focus 

and D^D' as directrix, as is traced by P; using F as focus and DD as directrix. 

Since the locus of (4) is symmetrical with respect to the origin 
(Theorem V, p. Q&), it is called a central conic, and the center of 
symmetry is called the center. Hence a central conic has two foci 
and two directrices. 

The coordinates of the focus F in either figure are 



(- 



e^p 







For the old coordinates of F were (0, 0). Substituting in (1), the new coordi- 
nates are x' = — ^, y' = — A;, or, from (3), ( ^-, y 



The coordinates of F^ are therefore 



(A' ») 



P 

The new equation of the directrix DD is 05 = — ^2 ' 
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For from (1) and (3), a; = »' + 



1-ca 



, y = y\ Substituting in « = — p 



e> 



(Theorem II) and dropping primes, we obtain a; = — - 

Hence the equation of D'D' is x = ^2 ' 

We thus have the 

Lemma. The efpiation of a central conic whose center is the origin 
and whose principal axis is the X-axis is 



(4) 



X' 



e^p^ 



-h 



y' 



e^p^ 



= 1. 



(1 - ey 1 - e« 
Its foci are the points ( ± z — ^—^f 1 

P 
and its directrices are the lines x = :t -r-^ — ;■ 

1 — e' 



The eUipse^ e < 1. 
For convenience set 



(5)a = ^,6.= '^ 



, c = — ^—- 



cfl and 6* are the denominators in (4) 
and c Ib the abscissa of one focus. Since 
e<l, 1-e* is positive; and hence a, 6*, 
and c are positive. 



We have at once 
e2p2 



aa-6a = 



and 
c 



(1 - C2)2 

e*pa 
(1 - e2)2 



1-ca 



>2r)2 



e=«p 



e^p 



(1-62)2 1 - c2 1 - e^ 

Hence the directrices (Lemma) are 

a^ 
the lines x = ± — . 

c 

By substitution from (5) in (4) we 
obtain 

— + — = 1. 



TAe hyperbola, e > 1. 

For convenience set 

(8) 
a= — 



^ , 62= - ^"^^ 



1-C2 



» c = • 

l_e2 l-e« 



a' and -6* are the denominators in (4) 
and c is the abscissa of one focus. Since 
e > 1, 1- e* is negative; and hence a, 6*, and 
c are positive. 



We have at once 



a2-f 62 = 



and 
a2_ 

c "■ (1 - c2)2 



e2p5 



(1 - e2)a 

e*p2 
(1 - ^)2 



^1)2 
1-62 

= C2 



1-C2 



1-^ 



Hence the directrices (Lemma) are 

a2 

the lines x = ± — • 

c 

By substitution from (6) in (4) we 

obtain • 



a;2 y2 



a^ 



^ = 1 
62 
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The ellipse, e < 1. 

The intercepts are x = ± a and 
y = ±h, AA' = 2 a is called the 
major axis and BB' = 2 & the minor 
axis. Since a^ — 6* =; (.a jg positive, 
then a > 6, and the major axis is 
greater than the minor axis. 




Hence we may restate the Lemma 
as follows. 

Theorem V. The elation of an 
ellipse whose center is the origin and 
whose foci are on the X-axis is 



(V) 



a« ^ 6« " ^' 



where 2 a is the major axis and 2 b the 
minor axis. If c^'=.a^ — 6^, then the 
foci are (± c, 0) and the directrices 

are a; = ± — . 
c 

Equations (5) also enable us to 

express e and p, the constants of (I), 

p. 149f in terms of a, &, and c, the 

constants of (V). For 



(7) 
and 

(9) 



The hyperbola, e > 1. 

The intercepts are x = ± a, but the 
hyperbola does not cut the F-axis. 
A A' = 2 a is called the transyerse 
axis and BR = 2 & the conjugate 
axis. 




rf 






t-a- 






B' 




Hence we may restate the Lemma 
as follows. 

Theorem VI. The equation of an 
hyperbola whose center is the origin 
and whose foci are on the X-axis is 



(VI) 






where $ a is the transverse axis and $b 

the conjugate axis. If c'^^:za^'\- ft«, 

then the foci are (± c, 0) and the 

a^ 
directrices are x = ± — . 

c 

Equations (6) also enable us to 

express e and p, the constants of (I), 

p. 149, in terms of a, 6, and c, the 

constants of (VI). For 



= 6 



e _ e^ ep __ 


c _ e^ , ep 


a~l-^ ' l-^~ 


^^' a l-c2 * 1-ea 


. 


and 


c 1 - c2 • 1 - e2 ^' 


(10) v^= ^ .. ^ 

^ ' c \-^ l-«» 



= !>• 




ANALYTIC GEOMETRY 



The^Upse, e<l. 

In the figure OB ^ b, OP = e; 
and since c' = a^ - b^, then BF" = a. 
Hence to draw the foci, witb £ as a 
center and radius OA, desciibe arcs 
culling -TX' at F and F'. Then F 
and F' ara the foci. 

If a = 6, then (V) becomes 

mhoee locus is a circle. 

Transform (V) by rotating the 
axes through an angle ot — — (Theo- 
rem II, p. 138). We obtain 

Theorem VII. The equation of an 
elliiise whose center is the origin and 
inh lae foci are un the Y-axisia 






T~W~h~d \u- X 

Y 



The hyperbola, e>\. 

In the figure OB = b, OA' = a ; 
and since c* = a» + 6^, then BA' = e. 
Hence to drua the foci, with O as a 
center and radius BA', describe area 
cutting XX' at F and f. Then F 
and I^ are the foci. 

If a = 6, then (VI) tiecomes 
x* - ^ = a", 
whose locus is called an equilateral 
liTperbola. 

Transform (VI) by rotating the 
axes through an angle of — — (Theo- 
rem II, p. 138), We obtato 

Theenm vm. The equation of an 
hyperbola whose center is the origin 
and tnhoK foci are on the Y-axig is 

'£ = , 



(VIII) - 



v^ 




a is the major axis and Sbia where Sa it the tranmerae axil and Sb 
\or axU. If C- -a^-\^.ihe w the conjugate axis. J/ e« = a' + 6», 
e (0, ± c) and the directricet the foci are {0, ±c) and the directrices 
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ITtt tlUpte, e < 1. The hyperbola, e > 1. 

Tbe essential difierence between The essential differeuce between 

(V) and (VII) is that in (V) the de- (VI) and (VIH) is that the coeffi- 

uominator of z^ is larger than that cient of ^^ is negative in (VI), while 

of jfl, while in (VU) the denominator in (VIII) the coefBcient of x* is nega- 

of »« is the larger. (V) and (VII) live. (VI) and (VIII) are called the 

are called the typical forms of the typical forms of the equation of an 

equation of an ellipse. hyperbola. 

An equation of the form 

Ax" + Ci/ + F = 0, 

where A, C, and F are all different from zero, may always be 
written in the form 



7%e loffua of this equation will be 

1. An ellipse if a and j8 ar-e both positive, a' will be equal to 
the larger denominator and h^ to the smaller. 

2. An hyperbola if a and (8 have opposite signs, o' will be 
equal to the positive denominator and b* to the n^ative denomi- 
nator. 

3. If « and )3 are both negative, (11) will have no loeua. 

Ex. 1. Find the axes, foci, directrices, and 
eccentricity of the ellipse Ax" + y"= 16. 
Solution. Dividing b; 16, we obtain 



The second denominator is ttae 
comparison with (VII), 

63 = 4, a» = 16, (? = 16 - 4 = 
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Hence the major axis AA' — 8, the minor axis BW = 4, the foci ¥ and F' 

are the points (0, ± Vl2), and the equations of the directrices HI) and If If 

aa 16 . 4 ^ 

are y = ± — = ± — = = ± - V12. 
c V12 3 

V12 4 1 

From (7) and (0), c = -^ and P = -/= = 3 Vi2. 



PROBLEMS 

1. Plot the loci, directrices, and foci of the following equations and find 
6 and p. 

(a) x2 + 9y2 = 81. (e) 9y« - 4x« = 36. 

(b) 9x2 - 16y2 = 144. (f) x^ - y2 = 25. 

(c) 16x2 + y2 = 25. (g) 4x2 4- 7 ya = 13. 

(d) 4x2 + 9y2 = 36. (h) 5x2 _ 3^2 = 14. 

2. Find the equation of the ellipse whose center is the origin and whose 
foci are on the X-axis if 

(a) a = 5, 6 = 3. -4n«. 9x2 + 25y2 = 226. 

(b) a = 6, c = 3. A'M, 32x2 + 36^2 = 1152. 

(c) 6 = 4, c = 3. A-M, 16x2 + 25y2 = 40O. 

(d) c = 8, e = f. AiiA. 5x2 + 9^2 = 720. 

8. Find the equation of the hyperbola whose center is the origin and 
whose foci are on the X-axis if 

(a) a = 3, 6 = 5. -4n«. 25 x2 - 9y2 = 226. 

(b) a = 4, c = 5. A-M. 9x2 - 16y2 = 144. 

(c) e = J, a = 6. A'M. 5x2 - 4y2 = 125. 

(d) c = 8, c = 4. Am, 15x2 - y2 = 00. 

4. Show that the latus rectum (chord through the focus perpendicular .to 

253 
the principal axis) of the ellipse and hyperbola is — . 

a 

6. What is the eccentricity of an equilateral hyperbola? Aim. "v^. 

6. Transform (V) and (VI) to polar coordinates and discuss the resulting 
equations. 

7. Where are the foci and directrices of the circle ? 

8. What are the equations of the ellipse and hyperbola whose centers 
are the point (a, /3) and whose principal axes are parallel to the X-axis? 

a* o2 a* 6* 
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71. Conjugate hyperbolas and asymptotes. Two hyperbolas 
are called conjugate hyperbolas if the transverse and conjugate 
axes of one are respectively the conjugate and transverse axes of 
the other. They will have the same center and their principal 
axes (p. 149) will be perpendicular. 

If the equation of an hyperbola is given in typical form, then 
the equation of the conjugate hyperbola is found hy changing the 
signs of the coefficients of x^ and y^ in the given equation. 

For if one equation be written in the form (VI) and the other in the form (VIII), 
then the positive denominator of either is numerically the same as the negative 
denominator of the other. Hence the transverse axis of either is the conjugate 
axis of the other. 

Thus the loci of the equations 

(1) 16k2 _ y2= 16 and - 16a;2 + y2= 16 
are conjugate hyperbolas. They may be written 

___ = land-- + - = l. 

The foci of the first are on the X-azIs, those of the second on the F-axis. The 
transverse axis of the first and the conjugate axis of the second are equal to 2, 
while the conjugate axis of the first and the transverse axis of the second are 
equal to 8. 

The foci of two conjugate hyperbolas are equally distant from 
the origin. 

For c^ (Theorems YI and YIII) equals the sum of the squares of the semi- 
transverse and semi-conjugate axes, and that sum is the same for two conjugate 
hyperbolas. 

Thus in the first of the hyperbolas above c^ = 1 + 16, while in the second 
ca = 16 + l. 

If in one of the typical forms of the equation of an hyperbola 
we replace the constant term by zero, then the locus of the new 
equation is a pair of lines (Theorem, p. 59) which are called the 
a83rniptote8 of the hyperbola. 

Thus the asymptotes of the hyperbola 

(2) ft V - ay = a^V 

are the lines 

(3) ft V - a V = 0, 
or 

(4) ftaj -h ay = and hx — ay^ 0, 
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Both of these lines pass through the origin, and their slopes are respectively 

b b 

(5) -a'^^a 

An important property of the asymptotes is given by 

Theorem IX. The branches of the hyperbola approach its ast/mp- 
totes as they recede to infinity. 

Proof, Let Pj (xi, y{) be a point on either branch of (2) near 
the first of the asymptotes (4). The distance from this line to 
Pi (Fig., p. 167) is (Rnle, p. 97) 



(6) 



Since Pi lies on (2), ft^i« - a^i^ = aJ'b^ 
Factoring, bx^ -\- ayi = 



bxi — ayi 

a^b^ 
Substituting in (6), d = , 

^ ^' -^Vb^T^\bx,-ay,) 

As Pi recedes to infinity, Xi and yi become infinite and d 
approaches zero. 

For bxi and ayi cannot cancel, since Xi and yi have opposite signs in the second 
and fourth quadrants. 

Hence the curve approaches closer and closer to its asymptotes. 

Q.E.D. 

Two conjugate hyperbolas have the same asymptotes. 

For if we replace the constant term in hoth equations by zero, the resulting 
equations differ only in form and hence have the same loci. 

Thus the asymptotes of the conjugate hyperbolas (1) are respectively the loci of 

16x8 -ya=0 and -16xa + y2 = 0, 
which are the same. 

An hyperbola may be drawn with fair accuracy by the fol- 
lowing 

Construetion. Lav off OA = OA* = a on the axis on which the 
foci lie, and OB = OB* = 6 on the other axis. Draw lines through 
Ay A'y By B' paTallcl to the axes, forming a rectangle.* Draw the 

• An elUpae may be drawn with fair aoooracy by inscribing it in sueh a rectangle. 
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diagonals of the rectangle and the circumscribed circle. Draw 
the branches of the 
hyperbola tangent to 
the sides of the rec- 
tangle at A and A^ 
and appixDaching nearer 
and nearer to the di- 
agonals. The conju- 
gate hyperbola may 
be drawn tangent to 
the sides of the rec- 
tangle at B and B^ 
and approaching the diagonals. The foci of both are the points 
in which the circle cuts the axes.. 

The diagonals wUl be the asymptotes, because two of the vertices of the rec- 
tangle (i: a, ± 6) will lie on each asymptote (4). Half the diagonal will equal c, 
the distance from the origin to the foci, because (^=0^4- d^. 

72. The equilateral hyperbola referred to its asymptotes. The equation 
of the equilateral hyperbola (p. 162) is 

(1) x^-jfl^c^. 

Its asymptotes are the lines 

a; — y = and x + y = 0. 

These lines are perpendicular (Corollary m, p. 78), and hence they may 
be used as coordinate axes. 

Theorem X. The equation of an equilateral hyperbola referred to its asymp- 
totes is 
(X) 2a?y = a«. 

Proof The axes must be rotated through 

to coincide with the asymptotes. 

Hence we substitute (Theorem II, p. 188) 

V2 V2 

in (1). This gives 

2 2 "**• 



A 

1 1 








\ 


/ 


1 I "h 


F'\j 


/ 


\ 




// 


V^^ 


y^ 


\ 



Or, reducing and dropping primes. 



2xy = a2. 



Q.E.D. 



y I 
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73. Focal property of central conies. Aline joining a point on 
a conic to a focus is called a focal radius. Two focal radii, one to 
each focus, may evidently be drawn from any point on a central 



The gum of the focal Theorem Xn. The difference of Vie 

radii from any point on an ellipse is focal radii from any point on an 
equal to the major axi» So. hyperbola it equal to the transeerae 



D 


Y 






d' 
e' 
u' 


^ 


( ^ 


■^ 


^ 


X' 


r 


- 


7 


X 



Proiif. Let P bo any point on the Proof. Let P be any point on the 

ellipse. By definition (p. 149), hyperbola. By definition {p. H9), 
T = e- PE, r" = e- PE". r = e- FB, r'-e- PE'. 

Hence r + K = e(P£ + P£0 Hence r"- r = e(P^ - PE) 

= e ■ Hir. = e ■ HH'. 

From (7), p. 161, e= -. From (8), p. 161, e = -, 

and from the equations of the direc- and from the equationa of the direc- 

tricea (Theorem V), Uicea (Theorem VI), 



.+ K = 5.2- = 



Hence r 



71. HechanicalconatnictionofcoDics. TheoremsXIandXIIaflordsbnplo 
metboda of drawing ellipaes and hyperbolas. Place two tacka in the drawing 
board at the foci F aud F' and wind a string about them as indicated. 

It the string be held fast at A, and a pencil be placed in the loop FPF' 
and be moved so as to keep the string taut, then PF + PF" is constant and 
P describes an ellipse. If the major axis is to t>e 2 a, tben the length of the 
loop Pii.F' must be 2 a. 



CONIC SECTIONS 



169 



If the pencil be tied to the string at P, and both strings be pulled in or 
let out at A at the same time, then PF" — PF will be constant and P will 
describe an hyperbola. If the transverse axis is to be 2 a, the strings must 
be adjusted at the start so that the difference between PF' and PP equals 2 a. 





To describe a parabola, place a right triangle with one leg EB on the 
directrix BD. Fasten one end of a string whose length is AE at the focus 
P, and the other end to the triangle at A. With a i)encil at P keep the 
string taut. Then PF = PE ; and as the triangle is moved along BB the 
point P will describe a parabola. 



PROBLEMS 

1. Find the equations of the asymptotes and hyperbolas conjugate to the 
following hyperbolas, and plot. 

(a) 4x2 - 2/2 = 36. (c) 16x2 - y2 + 64 = 0. 

(b) 9x2 - 25y2 = lOO. (d) 8x2 _ i6y2 + 25 = 0. 

3. Prove Theorem IX for the asymptote which passes through the first 
and third quadrants. 

3. If e and ef are the eccentricities of two conjugate hyperbolas, then 

- + — = 1. 

4. The distance from an asymptote of an hyperbola to iU foci is numer- 
ically equal to 6. 

5. The distance from a line through a focus of an hjrperbola, perpen- 
dicular to an asymptote, to the center is numerically equal to a. 

6. The product of the distances from the asymptotes to any point on the 
hyperbola is constant. . 

7. The focal radius of a point Pi(xi, y\) on the parabola Iy2 = 2 px is 



1- ; 



i 



i 



I 



I 
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8. The focal radii of a point Pi (Xi, ^i) on the ellipse 6%cS + a^ = a%> 
are r = a >- exi and r^ = a + exi. 

9. The focal radii of a point on the hyperbola t^^ — a^' = a^ are 
r = exi — a and r' = exi + a when Pi is on the right-hand branch, or 
r = — exi — a and r' = — cxi + a when Pi is on the left-hand branch. 

10. The distance from a point on an equilateral hyperbola to the center 
is a mean proportional between the focal radii of the point. 

11. The eccentricity of an hyperbola equals the secant of the inclination 
of one asymptote. 

75. Types of loci of equations of the second degree. All of 

the equations of the conic sections that we have considered are 
of the second degree. If the axes be moved in any manner, the 
equation will still be of the second degree (Theorem IV, p. 140), 
although its form may be altered considerably. We have now to 
consider the different possible forms of loci of equations of the 
second degree. 

By Theorem VI, p. 145, the term in xy may be removed by 
rotating the axes. Hence we only need to consider an equation 
of the form 

(1) Ax^ + Cy* + i>« + % + -P= 0. 

It is necessary to distinguish two cases. 
Case I. Neither A nor C is zero. 
Case II. Either ^4 or C is zero. 

A and C cannot both be zero, as then (1) would not be of the second degree. 

Case I 

When neither A nor C is zero, then A = J5^ — 4 ^4 C is not zero, 
and hence (Theorem VII, p. 146) we can remove the terms in 
X and y by translating the axes. Then (1) becomes (Corollary I, 
p. 147) 

(2) Ax'^ + Cy'^ + F*=:0. 

We distinguish two types of loci according as A and C have the 
same or different signs. 
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Elliptic tjrpe, A and C Juxve the 
tame sign, 

1. F" ^ 0.* Then (2) may be 
written 



x« . y« 



F' F' 

where a = »^ = — tt' 

A C 

Hence, if the sign of F^ is different 
from that of A and C, the locus is an 
ellipse; but if the sign of F" is the 
same as that of A and C, there is no 
locue, 

2. F' = 0. The locus is a point. 
It may be regarded as an ellipse 
whose axes are zero and it is called 
a degenerate ellipse. 



Hyperbolic type, A and C have dif- 
ferent signs. 

1. 2^?iO.« Then (2) may be 
written 






where a = — -, 
A 



^ C 



Hence the locus is an hyperbola whose 
foci are on the F-axis if the signs of 
F' and A are the same, or on the 
X-axis if the signs of F' and C are 
the same. 

2. F' = 0. The locus is a pair of 
intersecting lines. It may be regarded 
as an hyperbola whose axes are zero 
and it is called a degenerate hyperbola. 



Case II 

When either -4 or C is zero the locus is said to belong to the 
parabolic type. We can always suppose ^ = and C ^ 0,qq that 
(1) becomes 

(3) Cy« + i>» + ^y + F=0. 

For if -4 Ti and C7= 0, (1) becomes Ax^ + Da; + ^y + jP= 0. Rotate the axes 

It 
(Theorem II, p. 138) through — by setting a* = — y', y = a/. This equation becomes 

Ay'^ + Zx' — i>/ + /"= 0, which is of the form (3). 

By translating the axes (3) may be reduced to one of the forms 

(4) Cy2 4- Da; = or 

(6) Cy^ -h F' = 0. 

For substitute in (3), a;=x' + /i, yisy' + Jfc. 
This gives 



(6) 



Cy^ + D7f^2Ch 



= 0. 



y' + CAjs 

+ Dh 

+ Ek 

+ F 
If we determine h and k from 

2Ck + E=0, Ck^ + Dh + Ek + F=:Ot 

then (6) reduces to (4). But if D = 0, we cannot solve the last equation for A, so 
that we cannot always remove the constant term. In this case (6) reduces to (5). 

* Read " F' not eqaal to zero " or "F^ different from zero." 



/ 
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Comparing (4) with (III), p. 166, the locus is seen to be B,parab- 

— -—■ 

when F' and C have different signs, or the single line y = 
when F' = 0. If F' and C have the same sign, there is no locus. 
When the locus of an equation of the second degree is a pair of 
parallel lines or a single line it is called a degenerate parabola. 
We have thus proved 

Theorem Xin. The locus of an equation of the second degree is 
a conic, a point, or a pair of straight lines, which may be coincident. 
By moving the axes its equation may he redticed to one of the three 
forms 

where A, C, and D are different from zei*o. 

Corollary. The lo<fus of an equation in which the term in xy is 

lacking, ^^a ^ Cif -\- Dx + Ey + F = 0, 

will belong to 

the parabolic type if A =0 or C = 0, 

the elliptic type if A and C have the same sign, 

the hyperbolic type if A and C have different signs. 

PROBLEMS 

1. To what point is the origin moved to transform (1) into (2) ? 

Ans. ( » |. 

\ 2A 2C/ 



3. To what point is the origin moved to transform (3) into (4) ? into (5) ? 

/E^-4CF E \ /- ^ \ 

' \ ^CD ' "2C> V'^Yc)' 



Ans. 



8. Simplify Ax^ -{-Dx-\-Ey-{-F=Ohy translating the axes (a) if E :^ 0, 

(b) if ^ = 0, and find the point to which the origin is moved. 

/ D Ifi-4AF\ 
Ar^. (^)Ax2 + Ey = 0, (__, -^^^_); 



(b)^x2 + F' = 0, (-gl-'^) 



* In describing the final form of the equation it is unnecessary to indicate by primes 
what terms are different from those in (1). 
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4. To what types do the loci of the following equations belong ? 

(a) 4x2 + y2 _ i3x + 7 y - 1 = 0. (e) aj2 + 7 y2 _ gx + 1 = 0. 

(V) y2 4.3x-4y + 9 = 0. (f) x2+ 3/2- 6x + 8y = 0. 

(c) 121x2-44y2_|.68x-4=0. (g) 3x2 r- 4 2/2 - 6y + 9 = 0. 

(d) x2+4y-3 = 0. (h) x2-8x + 9y- 11 =0. 

(i) The equations in problem 1, p. 148, which do not contain the x^-term. 

76. Construction of the locus of an equation of the second 
degree. To remove the a;?/-term from 

(1) Ax^ 4- Bxy -h Ci/ -{- Dx -{- Ey -^ F = 

it is necessary to rotate the axes through an angle such tha£ 
(Theorem VI, p. 145) 

(2) tan 2 ^ = ^ 



A-C 



while in the formulas for rotating the axes [(II), p. 138] we need 
sin and cos 0. By 1 and 3, p. 12, we have • 

1 
(3) cos2^ = ± 



Vl + tan2 2 



From (2) we can choose 2 ^ in the first or second quadrant so 
the sign in (3) must be the same as in (2). will then be acute ; 
and from 15, p. 13, we have 



(4) 



. ^ . /I - cos 2 ^ ^ /I 4- cos 2 ^ 
sm ^ = + \ ^ ycosO = -\-\ ^ 



In simplifying a numerical equation of the form (1) the com- 
putation is simplified, if A = JB^ — 4 .4 C ^t 0, by first removing 
the terms in x and y (Theorem VII, p. 146) and then the xy-teTm. 

Hence we have the 

Rule to construct the locus of a numerical equation of the second 
degree. 

First step. Compute ^=^ B!^ — ^AC, 
Second step. Simplify the equation by 

(a) translating and then rotating the axes if A ^ 0; 

(b) rotating and then translating the axes if A=^0. 
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Third step. Determine the nature of the locus by inspection of 
the equation (§ 75, p. 170). 

Fourth step. Plot all of the axes used and the locus. 

In the second step the equations for rotating the axes are 
found from equations (2), (3), (4), and (II), p. 138. But if the 
a;y-term iis lacking, it is not necessary to rotate the axes. The 
equations for translating the axes are found by the Eule on 
p. 141. 

Ex. 1. Construct and discuss the locus of 

x2 + 4xy + 4 j^ + 12x - 6y = 0. 

Solution. First step. Here A = 4* — 4'1'4 = 0. 

Second step. Hence we rotate the axes through an angle $ such that, 

^y^^>' 4 4 

tan2tf = =--. 

1-4 3 

Then by (3), cos 2 ^ = - J, 

2 1 

and by (4), sin $ = — p and cos = 



The equations for rotating the axes [(II), p. 138] become 
Substituting in the given equation,* we obtain 

VE 

It is not necessary to translate the axes. 
Third step. This equation may be written 

Hence the locus is a parabola for which p = — — , and whose focus is on 
the Y'-axis. "^^ 

• When AbO the terms of the second degree fonn a perfect square. The work of 
substitution is simplified if the given equation is first written in the form 

(a: + 2y)« + 12ar-6y = 0. 

It can be shown that when A » the locus is always of the parabolic type. 
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Fourth itep. The figure ihows both sets ot aiea," the par(ibola,-lt8 Iocub 
and directrix. 

In the new coordinates the focus 
is (be point ( 0, — — ) and the direc- 
*- 2V6' 



I?, p. 156). The old coordinates of 
the focus ma; be fonnd hy suhsU- 
tating the new coordinates for x* 
and y" in (1), and the equation of 
tlie directrix in the old coordinates 
m»7 be found by solving (1) for y" 
and substituting in the equation given above. 

Ex. 2. Constract the locus of 

5ii;' + 63;!^ + 5^ + 22x-0j/ + 21 = 0. 

Solution. First step. 4=^6'-4-5-5^0. 

Second step. Hence we tra,nEUte the axes first. It is found that the equft- 
tions for translating the axes axe 

1 = 1'- 4, y = y' + a, 
and that the transformed equation is 

From (2) it is seen that the axes must be rotated through — Hence we 

set * 

i^ = ?1zJ1, y- = ?l±Vl'. 
V2 ' -v^ ' 

and tixe final equation is 

Third step. The simplifled eqna- 

4 16 
Hence the locus is an ellipse whose major axis is 8, whose minor axis is 4, 
and whose foci are on the r"-axia. 

Fourth st«p. The figure shows the three sets of axes and the ellipse. 

• Th« inollDStlan or OX' Is «, and lience lu slope, ton f, dih; Iw obtBlned from (4). Id 
le X-axis maj be conitnujted by the 
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PROBLEMS 

1. Simplify the following equations and oonstmct their loci, foci, and 
directrices. 

(a) 8x2 _ 4xy + 8x - 1 = 0. Arts, x"* - 4y"2 + 1 = 0. 

(b) 4x2 + 4xy + y24.8x-16y = 0. Ans. 6xf^ -SVby" = 0, 

(c) 41 x2 - 24xy + 34y2 + 25 = 0. Ans. x'2 + 2/2 + 1 = 0. 

(d) 17x2 _ 12 xy + 8y2 _ 68x + 24y - 12 = 0. 

Ans. x"2 + 4/^2 _ 16 = 0. 

(e) y2 + 6x~6y + 21 = 0. Ans. y^ + Ox'rsO. 

(f) x2-6xy+9i/2 + 4x-12y 4-4 = 0. Ana. y''^ = 0. 

(g) 12xy - 6y2 + 4kSy - 36 = 0. Ans. 4x''2 - Oy^' = 86. 
(h) 4x2 _ 12 xy + 9i/2 + 2x - 3y - 12 = 0. 

Ans. 622^'2-49 = 0. 
(i) 14x2 - 4xy + 112/2 - 88x + 34y + 149 = 0. 

Am. 2x''2 + 3y''2=:0. 
(j) 12x2 + 8xy + 18y2 4.48x + 16y + 43 = 0. 

Ans. 4x2 + 2^2 = 1. 

(k) 9x2 + 24xy + 16y2-36x-48y + 61 = 0. 

Ans. x"2 + l = 0. 
(1) 7x2 + 50xy + 7y2 = 50. Ana. 16x^2 - 9y^ = 26. 

(m) x2 + 3xy - 3y2 4. 6x = 0. Ans. 21x"2 - 492^^2 - 72. 

(n) 16x2 - 24 xy 4- 9y^ - 60x - 80y + 400 = 0. 

Ana. /'2-4x'' = 0. 
(o) 95x2 + 56 xy - 10y2 _ 56x + 20y + 194 = 0. 

Ans. 6x"2_2^'2 4.i2 = 0. 
(p) 5a^ ~ 5xy - 7 y2~ 165x4- 1820 = 0. Ans. 15x''2 _ ny/^ ..330 = 0. 

77. Systems of conies. The purpose of this section is to 
illustrate by examples and problems the relations between 
conies and degenerate conies and between conies of different 
types. 

A system of conies of the same type shows how the degenerate 
conies appear as limiting forms, while a system of conies of dif- 
ferent types shows that the parabolic type is intermediate between 
the elliptic and hyperbolic types. 

Ex. 1. Discuss the system of conies represented by x2 -f 4y2 = k. 

Solvtion. Since the coefficients of x2 and y2 have the same sign, the locus 
belongs to the elliptic type (Corollary, p. 172). When k is positive the locus 
is an ellipse ; when k = the locus is the origin, — a degenerate eUipse ; and 
^hen k is ne^tiye there is no locus. 
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In the flgnre Qie locus is plotud toiks^ 100, 64, 86, 16, 4, 1, 0. It is seen 

that as k approacbes zero the ellipses became smaller aod finally degenerate 
into a point. As soon as k becomeB negative there is no locus. Hence the 



a when the locus la an ellipse and 

Ex. 2. DiscosB the Byatem of conica represented hy 4 z^ — 16 j/' = il^- 
Solution. Since the coefficients of x' and j/' have opposite signs, the locos 



belongs to the hyperbolic type. The hyperbolas will ail have the same 
asymptotes (p. 165), namely, the lines x ±2y = 0. The given equation may 
be written ^, ^^ 

4 16 

The locus is an hyperbola whose foci are on the X-azis when it is positive and 
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on the F-axia when k is negative. For k = the given equation shows that 

the locus Is the pair of asymptotes. 

In the figure the locos is plotted for k = 256, 144, 64, 16, 0, — 64, - 256. 
It is seen that as k approaches zero, whether it is positive or negative, the 
hyperbolas become more pointed and lie closer to the asymptotes and finally 
degenerate into the asymptotes. Hence a pair of intersecting lines is a lim- 
itiTijf case betneen the cases when the hyperbolas have their foci on the X-axis 
aud on the T-axis. 

Ez. 3. Discuss the system of conies represented by y^ = 2 jtx + 16. 

SobdUm. As only one term of the second degree Is present, the locus 
belongs to the parabolic type (Corollary, p. 172). The given equation may be 

simplified (Rule, p. 141) by translating the axes tc the nevi origin ( — r- oY 
We thus obtain 

I^ = 2jt»'. 

The locus is therefore a parabola whose vertex is (— r> 0) and for which 
p = k. It will be turned to the right when k is positive, and to the left when 
k is negative. But if 4 = 0, the locus la the degenerate parabola j( = ± 4. 



In the figure the locus is plotted for ft = ± 4, ± 2, ± 1, ± |, 0. It is seen 
that as fc approaches zero, whether it is positive or negative, the vertex recedes 
from the origin and the parabola lies closer to the tines j/ = ± 4 and finally 
degenerates into these lines. The degenerate parabola consisting of two 
parallel lines appears as a limiting cam between the cases when the parab- 
olas at« turned to the right aud to the left 
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PROBLEMS 

1. Plot the following systems of conies. 

2. Plot the system — + — = 1 for positive values of k. What is the 

k 16 

locus if Jk = 16 ? Show how the foci and directrices behave as k increases 
or decreases and approaches 16. 

8. Plot the following systems of conies and show that all of the conies 
of each system have the same foci. 

j>2 '2/2 3.2 ifi 

(a)-— — + — — =1. (h)y^ = 2k{x-k). (o) -^ — +— *L_=1. 

4. Plot and discuss the system kx^ + 2 y2 _ gx = 0. 

6. Show that all of the conies of the following systems pass through the 
points of intersection of the couics obtained by setting the parentheses equal 
to zero. Plot the systems and discuss the loci for the values of k indicated. 

(a) (y2 - 4a;) + A:(y2 + 4x) = 0, A; = + 1, - 1. 

(b) (x2 + y2 _ 16) + fc(x2 _ y2 _ 4) = 0, A: = + 1, - 1, - 4. 

(c) (x^ + 2/2 _ 16) + A;(x2 - y2 _ 16) = 0, A; = + 1, - 1. 

6. Find the equation of the locus of a point P if the sum of its distances 
from the points (c, 0) and (— c, 0) is 2 a. 

7. Find the equation of the locus of a point P if the difference of its 
distances from the points (c, 0) and (— c, 0) is 2 a. 

8. Show that a conic or degenerate conic may be found which satisfies 
five conditions, and formulate a rule by which to find its equation. Find 
the equation of the conies 

(a) Passing through (0, 0),/l, 2), (1, - 2), (4, 4), (4, - 4). 

(b) Pacing through (0, 0), (0, 1), (2, 4), (0, 4), (- 1, - 2). 

The circle whose radius is a and whose center is the center of 
a central conic is called the auxiliary circle. 

9. The ordinates of points on an ellipse and the auxiliary circle which 
have the same abscissas are in the ratio of 6 : a. 

10. Show that the locus of xy + Dx + ^2/ + P = is either an equilateral 
hyperbola whose asymptotes are parallel to the coordinate axes or a pair of 
perpendicular lines. 



CHAPTER IX 
TANGENTS AND NORMALS 

78. The slope of the tangent. Let Pi be a fixed point on a 
curve C and let P2 1>6 a second point on C near Pj. Let Pj 
approach P^ by moving along C. Then the limiting position 
PiT of the secant through Pj and P2 is called the tangent to C 
at Pi. 

It is evident that the slope of PiT is the limit of the slope 
of P1P2. The coordinates of Pj may be written (xi + h, yi-{- k), 




where h and k will be positive or negative numbers according 
to the relative positions of Pi and Pg. The slope of the secant 
through Pi and Pg is therefore (Theorem V, p. 28) 

Vi — Vi — k k 



(1) 



Xi — Xi — h h 



As Pa approaches Pi both h and k approach zero, and hence 7- 


approaches -> which may be any number whatever. The actual 

k 
value of the limit of - may be found in any case from the condi- 
tions that Pi and Pa lie on C (Corollary, p. 46), as in the example 

following. 
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Ex. 1 . Find the slope of the tangent to the curye C : 8 ^ = x* at any point 
Pi (xi, yi) on C. 

SoliUion. Let Pi (aji, yi) and P2 (xi + h,yi + k)he two points on C, 

Then (Corollary, p. 46) 




8 2^1 = xi« 
8 (yi + A:) = (xi + A)8, 



(2) 

and 

or 

(8) 8 yi + 8 Ac = Xi^ 4- Szi^h + 8x1^2 + h^ 

Subtracting (2) from (3), we obtain 

8& = 3Xi2^ + 3Xi^2_|.^8. 

Factoring, 8 A; = ^ (3 Xi2 + 3 Xi^ + ^2) . 

k _ 3xi2Hh_3xi^ + A2 
A"" 8 



and hence 



Then, as Ps approaches Pi, h and k approach 
zero and the 



f -4 A 7- * ^3xi2 + 3xiA + A2 3xi2 

limit of - = limit of = — - — 

h 8 8 



Hence the slope m of the tangent at Pi is m = 



3x1^ 
8 



C is symmetrical with respect to O, and the tangents at symmetrical points 
are parallel since only even powers of Xi and yi occur in the value of m. The 
tangent at the origin is remarkable in that it crosses the curve. 

The method employed in this example is general and may be 
formulated in the following 

Rule to determine the slope of the tangent to a curve C at a point 
Pi on C, 

First step. Let Pi (xi, j/i) and Pj (^^i 4- ^> yi + ^) ^^ two points 

on C, Svhstitute their coordinates in the equation of C and 

suhtra/st, 

k 
Second step. Solve the result of the first step for — >* the slope 

of the secant through Pi and P^. 

Third step. Find the limit of the result of the second step when 

h and k approojch zero. This limit is the required slope. 



* The solution will contain h and k separately, so that the equation is not solved in the 
ordinary sense. 
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PROBLEMS 

1. Find the slopes of the tangents to the following curves at the points 
indicated. 

(a) y2 = 8x, Pi (2, 4). 

(b) x2 + y2 = 25, Pi (3, - 4). 

(c) 4x2 + 2/2 = 16, Pi (0,4). 

(d) x2 - 9y2 = 81, Pi (16, - 4). 

2. Find the slopes of the tangents to the following curves at the point 
Pi {Xl, yi). 

(a) y^ = Qz. 

(b) 16y = x*. 

(c) x2 + y'2 = 16. 

(d) x2 -2/2 = 4. 

(e) y2 = aj8 + x2. 

79. Equations of tangent and normal. We have at once tlie 
Rule to find the equation of the tangent to a curve C at a point 

Pi (xi, 2/i) on C. 

First step. Find the slope m of the tangent to C at Pi {Rule, 
p. 181). 

Second step. Substitute x^, r/i, and m in the point-slope form of 
the equation of a straight line [(V), p. 86], 

Third step. Simplify that equation hy means of the condition 
that Pi lies on C (Corollary, p. 46). 

Ex. 1. Find the equation of the tangent to C : 8 y = x^ at Pi (xi, yi), 

3xi2 
Solution. First step. From Ex. 1, p. 181, the slope is m = — — 

Second step. Hence the equation of the tangent is 

3xi2. . 

y-yi = -g- (X - Xl), 

or 

(1) 3xi^ - 8y - 3xi8 + 8yi = 0. 

Third step. Since Pi lies on C, Syi = Xi^. 
Substituting in (1), we obtain 

(2) 3xi2x-8y-2xi8 = 0. 
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The normal to a curve C at a point Pi on C is the line through 
Pi perpendicular to the tangent to C at Pi. Its eqtuition is found 
from that of the tangent by the Rule on p. 105, using Theorem 
XII, p. 108. 

Ex. 2. Find the equation of the normal at Pi to the curve in Ex. 1. 

Solution. The equation of any line perpendicular to (2) has the form 
(Theorem XII, p. 108) 
(3) 8x + 3xi2y4-fc = 0. 

If Pi lies on this line, then (Corollary, p. 46) 

8xi + 3xi2yi + fc = 0, 

whence fc = — 8 Xi — 3 xi^yi. 

Substituting in (3), the equation of the normal is 

8x + 3xi2y - 8xi - Sxth/i = 0. 



PROBLEMS 

1. Find the equations of the tangents and normals at Pi(xi, yi) to the 
curves in problem 2, p. 182. 

Ans. (a) viy = 3 (x +Xi), yiX + Sy = xiyi + 3 yi. 

(b) Xi*x — 4 y = 12 yi, 4 x + Xi^^y = 4 Xi + Xi'^yi. 

(c) Xix + yiy = 16, yix - Xiy = 0. 

(d) Xix ~ yiy = 4, yix + Xiy = 2 Xiyi. 

(e) (3xia+2xi)x-2yiy-xi8=0, 2yiX+(3xi24.2xi)y=3xi2yi+4xiyi. 

S. Find the equations of the tangents and normals to the following curves 
at the points indicated. 

(a) 1/2 - 8x + 4y = 0, (0, 0). Ans. 2x - y = 0, x + 2y = 0. 

(b) xy = 4, (2, 2). Ans. x + y = 4, x-y = 0. 

(c) x*-4y2 = 26, Pi(xi, yi). Ans. XiX-4yiy=25, 4yiX+Xiy=5xiyi. 

(d) x2 + 2xy = 4, Pi(xi, yi). 

Ans. (xi + yi) X + Xiy = 4, XiX - (Xi + yi) y = Xi^ - xiyi - yi^. 

(e) y« = 2px, Pi(xi, yi). Ans. yiy=p(x+Xi), yix+py=xiyi+pyi. 

(f) 62x2 - a;iyi = cC^b^, Pi (xi, yi). 

Ans. bhiix - a2yiy = a^lj^, a^ix + b^xiy = (a^ + 62)xiyi. 

(g) x2-y2 + x8 = 0, (0,0). Ans. y = ±x, x = Ty. 



184 



ANALYTIC GEOMETRY 



80. Equations of tangents and normals to the conic sections. 
Theorem L The equation of the tangent to the circle 

at the point P^ (x^ y^ on C is 

(I) i»ii» + ViV = »•*. 

Proof. Let Pi (xi, yi) and P2 (xi + A, yi + k) be two points on the circle C. 

Then (Corollary, p. 46) 

(1) xi^ + yi^ = r2 
and (xi + A)2 + (yi + k)^ = f«, 
or 

(2) Xi2 + 2xiA + ^2_|.yj2 + 2yiifc + Jfc2 = f«. 

Subtracting (1) from (2), we have 
2x1^ + ^2 + 2 yik 4- Jk2 = 0. 
Transposing and factoring, this becomes 

k(2yi-\-k)=-h(2xi + A), 
fc___2xi + A 
A" 




/ 



whence 



2yi + A; 
is the slope of the secant through Pi and P2. 

Letting Pa approach Pi, h and k approach zero, so that m, the slope of the 
tangent at Pi, is 

,. .4 ^ 2xi + A Xi 
m = limit of = . 

22^1+*: yi 

The equation of the tangent at Pi is then (Theorem V, p. S6) 

y-yi=-—(x-xi), 
yi 
or XiX + yiy = Xi^ + yi«. 

But by (1), Xi2 + yi2 = r^, 

so that the required equation is 

xix 4- yiy = r2. q.b.d. 

In like manner we may prove the following theorems. 
Theorem n. The equation of the tangent at Pi (xi, y^ to the 

ellipse IW + a^y^ = a^b^ is b^Xjic + ^^ViV = «*&* > 

hyperbola h^x^ — a^y^ = a^^ is b^XiX — a^y^y = aV ; 
parabola y^ = 2px is y^y =ip(x + x^). 
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Theorem m. The equation of the tangent to the locus of 
Ax^ -f Bxy -{-Cy^-\- Dx-{-Ey -\-F=i) 
at the point Pi(xu yi) on the locus is 

Theorem III may be stated in the form of the 

Rule to vnrite the equation of the tangent at P^ (x^, y^ to the 
locus of an equation of the second degree. 

First step. Substitute XiX and y^y for x^ and y^, — — - — — for 

xy, and — r— ^ and for x and y in the given equation. 

Second step. Substitute the numerical values ofx^ and 2/1, if given, 
ill the result of the first step. The result is the required equation. 

From Theorem II, by the method ou p. 183, we obtain 

Theorem IV. The equation of the normal at Pi (xi, yi) to the 

ellipse h^x^ + ahj^ = a%^ is a^PiX — b'^nc^y = (a* — h^) fiCi^i > 
hyperbola b^x^ — a^y^ = a%^ is a^yipc + h^^^y = (a* + h^) ^iUi 5 
parabola y^ = 2px is y^x + py = x^yx + py^^ 

PROBLEMS 

1. Find the equations of the tangents and normals to the following conies 
at the points indicated. 

(a) 3x3 - 10 y2 = 17, (3, i). (c) 2x^-y^ = 14, (3, - 2). 

(h) 1/2 = 4 X, (9, - 6). (d) x2 + 6y2 = 14, (3, 1). 

(e) x2 - xy + 2x - 7 = 0, (3, 2). 

(f) xy - y2 + 6x + 8y - 6 = 0, (- 1', 4). 

The directed lengths on the tangent and normal from the point 
of contact to the Z-axis are called the length of the tangent and the 
length of the normal respectively. Their projections on the Z-axis 
are known as the suhtangent and subnormal. 

S. Find the subtangents and subnormals in (a), (b), (c), and (d), prob- 
lem 1. Ans. (a) ~-V^,T?^; (b) -18,2; (c) - f , 6 ; (d) |, -f. 

8. Find the lengths of the tangents a nd n orma ls in (a), (b),_(c), and (d), 
problem 1. Ans. (a) J VlsT, ^J^ Vigl ; (b) oVlO, 2 VlO ; 

(c) I Vio, 2 VlO ; (d) \ V34, i V34. 
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4. Find the sabtangents and subnormals of (a) the ellipse, (b) the hyper- 
bola, (c) the parabola. 

, , a2 - xi^ 62 ^2 - a;i2 62 
Ans. (a) — , -—xi; (b) — »- Xi; (c) -2xi, p. 



xi a* xi a2 

6. Show how to draw the tangent to a parabola by means of the sab- 
normal or subtangent. 

6. Prove that a point Pi on a parabola and the intersections of the 
tangent and normal to the parabola at Pi with the axis are equally distant 
from the focus. 

7. Show how to draw a tangent to a parabola by means of problem 6. 

8. The normal to a circle passes through the center. 

9. If the normal to an ellipse passes through the center, the ellipse is a 
circle. 

10. The distance from a tangent to a parabola to the focus is half the 
length of the normal drawn at the point of contact. 

11. Find the equation of the tangent at a vertex to (a) the parabola; 
(b) the ellipse; (c) the hyperbola. 

12. Find the subnormal of a point Pi on an equilateral hyperbola. 

^713. Xi. 

18. In an equilateral hyperbola the length of the normal at Pi is equal to 
the distance from the origin to Pi. 

81. Tangents to a curve from a point not on the curve. 

Ex. 1. Find the equations of the tangents to the parabola y^ = 4:X which 
pass through Pg (— 3, — 2). 

Solution, Let the point of 
contact of a line drawn through 
P2 tangent to the parabola be 
Pi. Then by Theorem HI the 
equation of that line is 

(1) yiy = 2x + 2xi. 

Since Pa lies on this line 
(Corollary, p. 46), 

(2) -2yi=-6 + 2Xi; 
and since Pi lies on the parabola, 

(3) yi2 = 4 xi. 

The coordinates of Pi, the 
point of contact, must satisfy 
(2) and (3). Solving them, we 
find that Pi may be either of the points (1, 2) or (9, — 6). 
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If (1, 2) be the point of contact, the tangent line is, from (1), 

2y = 2x + 2, 
or z — y + 1 = 0, 

If (9, — 6) be the point of contact, the tangent line is 

-6y = 2x + 18, 
or x-3y + 9 = 0. 

The method employed may be stated thus : 

Rule to determine the equations of the tangents to a curve C 

passing through ^2(^2? ^2) ^^^ o^ ^» 

First step. Let Pi (x^ y^ be the point of tangency of one of the 
tangents, and find the equation of the tangent to C at Pi (Rule, 
p. 182). 

Second step. Write the conditions that (x^, y^) satisfy the result 
of the first step and (xi, y^ the equation of C, and solve these equa- 
tions for Xi and yi. 

Third step. Substitute each pair of values obtained in the second 
step in the result of the first step. The resulting equations are the 
required equations. 

PROBLEMS 

1. Find the equations of the tangents to the following curves which pass 
through the point indicated and construct the figure. 

(a) x^ + y^ = 25, (7, - 1). Ans. 3x - 4y = 26, 4x + 3y = 26. 

(b) y2 = 4x, (- 1, 0). Ans. y = x4-l, y + x + l = 0. 

(c) 16x3 + 25 y2 - 400, (3, - 4). Ans. y + 4 = 0, 3x-2y = 17. 

(d) 8y = x8, (2, 0). -4ns. y = 0, 27x-8y-64 = 0. 

(e) x2 + 162^2 _ 100 = 0, (1, 2). Ans. None. 

(f) 2xy + y2 _ 8, (_ 8, 8). Ans. 2x + 3y-8 = 0, 4x + 3y + 8 = 0. 

(g) y2 + 4a. _ 62^ = 0, (-f, -1). Ans. 2x -3y = 0, 2x-y + 2 = 0. 
(h) x2 + 4 y = 0, (0, - 6). Ans. None. 

(i) x2 - 3y2 + 2x + 19 = 0, (- 1, 2). 

Ans. x + 3y — 6 = 0, X — 3y + 7 = 0. 
(j) y« = x8, (J, 0). Ans, y = 0, 3x - y - 4 = 0, 3x + y - 4 = 0. 

2. Find the equations of the lines joining the points of contact of the 
tangents in (a), (b), (c), (f), (g), and (ij, problem 1. 

Ans. (a) 7x-y = 26; (b) x = l; (c) 12x-26y = 100; 
(f) x = l; (g) x-2y = 0; (i) y = 6. 



188 



ANALYTIC GEOMETRY 



82. Properties of tangents and normals to conies. 

Theorem Y. If a point moves off to ivfinity on the parabola y* = 2px, the 
tangent at that point approaches parallelism 
with the X-axis. r^ 

Proof. The equation of the tangent at the 
point Pi (xi, yi) is (Theorem II, p. 184) 

yiy = px+pxi. 

Its slope is (Corollary I, p. 77) 

P 
m = — • 

2/1 
As Pi recedes to infinity yi becomes infinite, 
and hence m approaches zero, that is, the tangent 
approaches parallelism with the X-axis. q. e . d. y' 

Theorem VL If a point fnoves off to infinity on the hyperbola 

62x2 - a2y2 = aW, 

the tangent at that point approaches coincidence with an asymptote. 

Proof. The equation of the tangent at the point Pi (xi, yi) is (Theorem 
II, p. 184) 
(1) Ifh^ix - a^yiy = a^. 

62xi 




Its slope is (Corollary I, p. 77) m = 



a2yi 




As Pi recedes to infinity Xi and y\ become infinite and m has the inde- 



terminate form 



00 
00 



But since Pi lies on the hyperbola, 

62xi2 - a*yi2 = a^^. 
Dividing by a^y'^, transposing, and extracting the square root, 



6xi 



+ 1. 



ayi 



Vi' 



Multiplying by - 1 

a 



m = -^-=±-\\ - + 1. 



a^i 



a\ 



Vi' 
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From this form of m we see that as yi becomes infinite m approaches 
± -, the slopes of the asymptotes [(5), p. 166], as a limit. The intercepts of 



O" 



62 



(1) are — and As their limits are zero the limiting position of the 

tangent will pass throagh the origin. Hence the tangent at Pi approaches 
coincidence with an asymptote. q.b.d. 

These theorems show an essential distinction between the form of the 
parabola and that of the right-hand branch of the hyperbola. 

Theorem VIL The tangent and normal to an ellipse bisect respectively the 
external and internal angles formed by the focal radii of the point of contact * 

Proof The equation of the lines joining Pi (xi, 2^1) on the ellipse 

62x2 + a2y2 = a262 

to the focus P'(c, 0) (Theorem V, p. 161) is 
(Theorem VH, p. 88) 

yix + (c - xi)y - cyi = 0, 

^ and the equation of PiP is 

^ yix - (c + xi) y + cyi = 0. 

The equation of the tangent AB is 
(Theorem II, p. 184), 

62xix + a^iy = a262. 

We shall show that the angle $ which AB makes with PiF^ equals the 
angle 4> which PiP makes with AB. 
By Theorem X, p. 100, 

ah/i^ - 62cxi + 62xi2 _ {g^^^ -f b^Xi^ - 62cxi 
62xiyi + a^cyi — a^iyi a^cyi — (a^ — b^)ziyi 

But since Pi lies on the ellipse, 

a2yi2 + 62xi2 = a262, 
and (Theorem V, p. 161) a^-b^ = c^. 

a262-62cxi 62(a2-cxi) 




Hence tan^ 



62 



a^cyi — c^iyi cyi {a^ — cxi) cyi 



In like manner 



^ ^ - 62cxi - 62xi2 - a2yi2 (b^zi^ -\- a^i^) + b^^t 
ban o s^ ^^^^^^— ^^^-^^^_^^^__^_^ ^3 . 

62xiyi - a2cyi - a2xiyi a^cyi + {a^ - 62) xii^i 

_ a262 + 62cxi _ 62 
a2cyi + c2xiyi cyi 



* This theorem finds application in the so-called whispering galleries. 
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Hence tan $ = tan ; and since and are both less than le^ d = 4>. 
That ia, AB bisects the external angle of FPi and F'Piy and hence, also, 
CD bisects the internal angle. q.e.d. 

In like manner we may prove the following theorems. 

Theorem Vm. The tangent and normal to an hyperbola bisect reapec- 
tivdy the internal and external angles formed by the focal radii of the point 
of contact. 





Theorem IX. The tangent and normal to a parabola bisect respectively the 
internal and external angles formed by the focal radiv^ of the point of contact 
and the line through that point parallel to the axis.* 

These theorems give rules for constructing the tangent and normal to a 
conic by means of ruler and compasses. 

Construction. To construct the tangent and normal to an ellipse or hyper- 
bola at any point, join that point to the foci and bisect the angles formed by 
these lines. To construct the tangent and normal to a parabola at any point, 
draw lines through it to the focus and parallel to the axis, and bisect the 
angles formed by these lines. 

The angle which one curve makes with a second is -the angle which the 
tangent to the first makes with the tangent to the second if the tangents are 
drawn at a point of intersection. 



Theorem X. Confocal ellipses and hyperbolas intersect at right angles. 
Proof. liCt 



(2) 



— h — = 1 and r- = 1 

a2 62 af^ 1/2 



be an ellipse and hyperbola with the same foci. Then 
(3) a2- 62 = ^/2 + 5/2. 

For if the foci are (± c, 0), then in the ellipse c* = a« - 6* and In the h3rperhola c« = a'« + 6'« 
(Theorems V and VI, p. 161). 



* This theorem finds application in reflectors for lights. 
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The equations of the tangents to (2) at a point of intersection Pi (zu yi) 
are (Rule, p. 186) 

It is to be proved that the lines (4) are perpendicular, that is (Corollary 
III, p. 78), that 

^^ a2a'2 625'2 

Since Pi lies on both curves (2), we have 

^ + ?^ = land5^-?^=l. 
a2 62 a'2 6^2 

Subtracting these equations, we obtain 
.gv (a2-a-2)a;i2 (62 + 6-2)y^2 ^ 

But from (8), a2 - 0^2 = 62 + 5^^ t 

and hence (6) reduces to (5) and the lines (4) are perpendicular. q.e.d. 

In like manner we prove , 

Theorem XI. Two parabolas with the same focus and axis which are turned 
in opposite directions intersect at right angles. 

Hence the confocal systems in problem 3, p. 179, are such that the two 
curves of the system through any point intersect at right angles. 

PROBLEMS 

1. Tangents to an ellipse and its auxiliary circle (p. 179) at points with 
the same abscissa intersect on the X-axis. 

5. The point of contact of a tangent to an hyperbola is midway between 
the points in which the tangent meets the asymptotes. 

8. The foot of the perpendicular from the focus of a parabola to a tan- 
gent lies on the tangent at the vertex. 

4. The foot of the perpendicular from a focus of a central conic to a tan- 
gent lies on the auxiliary circle (p. 179). 

6. Tangents to a parabola from a point on the directrix are perpendicular 
to each other. 

6. Tangents to a parabola at the extremities of a chord which pass through 
the focus are perpendicular to each other. 

7. The ordinate of the point of intersection of the directrix of a parabola 
and the line through the focus perpendicular to a tangent is the same as that 
of the point of contact. 
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8. How may problem 7 be used to draw a tangent to a parabola ? 

9. The line drawn perpendicular to a tangent to a central conic from a 
focus and the line passing through the center and the point of contact inter- 
sect on the corresponding directrix. 

10. The angle which one tangent to a parabola makes with a second is 
half the angle which the focal radius drawn to the point of contact of the 
first makes with that drawn to the point of contact of the second. 

11. The product of the distances from a tangent to a central conic to the 
foci is constant. 

12. Tangents to any conic at the ends of the latus rectum (double chord 
through the focus perpendicular to the principal axis) pass through the 
intersection of the directrix and principal axis. 

18. Tangents to a parabola at the extremities of the latus rectum are 
perpendicular. 

14. The equation of the parabola referred to the tangents in problem 18 is 

x2 - 2xy -f y2 - 2V2p( a + y ) + 2p« = 0, 

or (compare p. 10) x^ + y* = Vp V2. 

16. The area of the triangle formed by a tangent to an hyperbola and 
the asymptotes is constant. 

16. The area of the parallelogram formed by the asymptotes of an 
hyperbola and lines drawn through a point on the hyperbola parallel to 
the asymptotes is constant. 

17. Find the length of the tangent to a parabola at an extremity of the 
latus rectum and restate the equation of the parabola in problem 14 in terms 
of this length. 

83. Tangent in terms of its slope. The coordinates of the 
points of intersection of a line and conic are found by solving 
their equations (Rule, p. 69), which are of the first and second 
degrees respectively. To solve their equations we eliminate x 
or y,* as may be more convenient, and thus obtain an equation 
of one of the forms 

(1) Ay^ -{- By -{- C = 0, Ax^ -{- Bx -{- C - 0. 

If the discriminant A = B^ — 4:AC is zero, the roots of (1) 
are real and equal (Theorem II, p. 3), and hence the points of 
intersection of the line and conic will coincide, that is, the line is 

* If one yariable is lacking in either equation, we usually solve that equation for the 
other yariable. But for our purposes we always eliminate the yariable which occurs in 
both equations. 
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tangent to the coaic. The equation obtained by setting the dis- 
criminant equal to zero is called the condition for tangency. 
Hence the condition for tangency of a line and conic is found 
by eliminating either x ot y itom their equations and setting 
the resulting quadratic equal to zero. 

Ex. 1. Find the condition for tangenc; of the line - 4- 1 = 1 and the parab- 
ola B^=2pi. " 

Solution. EliroinatiDg x b; solvitig the first equation for z and subsUtuting 
in the second, we get 

b^ + 2api/^2abp = 0. 

The dlBcriminajit of this qnadratic is 

A = (2 ap)3 - 4 6 ( - 2 abp) s iap{ap + 2V). 

Hence the condition for tangency li 

4 ap {op + 2 6") = or op (ap + 2 6") = 0. 

Ex. 2. Find the equations of the lines with the slope i which are tangent 
to the hyperbola a:' — 6y" + 12y — 18 = and find the points of tangency. 

Solution. The lines ol the system * ' * 

(1) y = ix + k .■/'-■..' 

have the slope 4 (Theorem I, p. 51). ■ . . , \ 



Solving (1) for z and substituting In the given equation, 

(2) y" + (4 1 - 6)!/ + 9 - 2 1* = 0. 
Hence the condition for tangency is 

(4t-6)a-4(9-2t*) = 0. 
Solving this equation, it = or 2. 
Substituting in (1), we get the required equations, namely, 

(3) K-2y = 0, ii!-2j/ + 4 = 0. 

To find the points of tangenRy we substitute each value of t in (2), which 
then asGomes the second form of (7), p. 4, namely, 

if t = 0, (2} becomes (1/ - 3)» = ; .-. j/ = 3 ; 
If i = 2, (2) becomes (I/ + 1)3 = 0; .■.y = -l. 
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Hence 3 and — 1 are the ordinates of the points of contact. Then, from (1), 

if Jk = and y = 3, we have x = 6 ; 
if ^ = 2 and y = — 1, we have x = — 6. 

Hence, if A; = 0, the point of contact is (6, 3) ; 

if & = 2, the point of contact is (— 6, — 1). 

The points of contact may also be found by solving each of equations (3) 
with the given equation. 

Tlie mfethod of obtaining equations (3) may be summed up 
in the 

Rule to find the equation of a tangent in terms of its slope m. 

First step. Find the condition for tangency of the line y = mx + k 
and, the given conic. 

Second step. Solve the equation found in the second step for k 
and substitute the values found in y = mx + k. The equations 
obtained are those required. 

By means of this Rule we may prove 

Theorem XII. The equation of a tangent in terms of its slope m 
to the 

circle x^ -\- y^ = r^ is y =: mx ± r Vl + m* ; 

ellipse b^x^ + a^y^ = a^b^ is y=. mac i 'Va^mJ^+h^ ; 

hyperbola b^x^ — a^y^ = a^b^ is y = mx ± "Va^m^ — b^ ; 

parabola y^ = 2px is y = m,x + 



^m 



PROBLEMS 

1. Determine the condition for tangency of the loci of the following 
equations. 

(a) 4x2 + 2/2_4a;_ 8 = 0, y = 2x + A;. Ans. Jfca + 2Jk -17 = 0. 

(b) x2+y2 = r2, 42/-3x = 4A:. Atis. 16A:2 = 26ra. 

^ ' a2 62 ' ^ ^ ^ a2 ^ /sa 

^ ' a2 62 a /3 a^ p^ 
*In these problems it is assumed that the constants involved are not zero. 
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2. Find the equations of the tangents to the following conies which satisfy 
the condition indicated, and their points of contact. Verify the latter approx- 
imately by constructing the figure. 

(a) y* = 4 05, slope = J. -4n«. x — 2y + 4 = 0. 

(b) x2 + 1/2 = 16, slope =- f Aim. 6x + 3y±20 = 0. 

(c) 9x3 + 16y2 = i44, slope=t:- J. Ans, x + 4y±4VlO = 0. 

(d) x* - 4y2 = 36, perpendicular to6x-4y + 9 = 0. 

Ans. 2x + 3y±3V7 = 0. 

(e) x2 + 2y2-a. + y = 0,8lope = -l. Am. x + 2/ = 1, 2x + 2y + 1= 0. 

(f) xy + y* - 4x + 8y = 0, parallel to 2x - 4y =7. 

Ara, x = 2y, x-2y + 48 = 0. 

(g) x2 + 2xy + y2 + 8x - 6y = 0, slope = f 

Ans, 4 X — 3 y = 0. 

(h) x^ + 2xy - 4x + 2y = 0, slope = 2. 

Ans, y = 2x, 2x-y +10 = 0. 

3. Find the equations of the common tangents to the following pairs of 
conies. Construct the figure in each case. 

(a) y2 = 6x, 9x2 + 9y2 =16. Ans. 9x±12y + 20 = 0. 

(b) 9x2+16ya=144, 7x2-32y2 = 224. Ans, ±x-y±6 = 0. 

(c) x2 + y2 = 49, x2 + y2 - 20y + 99 = 0. 

A7i8. ±4x-3y + 35 = 0, ±3x-4y + 35 = 0. 

Hint. Find the equations of a tangent to each conic in terms of its slope and then 
determine the slope so that the two lines coincide (Theorem III, p. 79). 

4. Two tangents, one tangent, or no tangent can be drawn from a point 
■Pi (a^i, yi) to the locus of 

(a) y^ = 2px according as j/i^ — 2pxi is positive, zero, or negative. 

(b) &2a;2 + aV = cfib^ according as If^Xi^ + aW - a^ is positive, zero, 
or negative. 

(c) 62x2 _ a2y2 = a262 according as b^Xi^ - a^yi^ - a^b^ is negative, zero, 
or positive. 

6. Two perpendicular tangents to 

(a) a parabola intersect on the directrix. 

(b) an ellipse intersect on the circle x2 + y2 = ^2 + 62, 

(c) an hyperbola intersect on the circle x^ -{■y^ = a^ — l^. 



CHAPTER X 

CARTESIAN COORDINATES IN SPACE 

84. Cartesian coordinates. The foundation of Plane Analytic 
Geometry lies in the possibility of determining a point in the 
plane by a pair of real numbers (a;, y) (p. 18). The study of 
Solid Analytic Geometry is based on the determination of a point 
in space by a set of three real numbers x, y, and «. This deter- 
mination is accomplished as follows : 

Let there be given three mutually perpendicular planes inter- 
secting in the lines XX\ YV, and ZZ' which will also be mutually 
perpendicular. These three 
planes are called the coordinate 
planes and may be distin- 
guished as the zy-plane, the 
yz-plane, and the ZZ-plane. 
Their lines of intersection 
are called the axes of coordi- 
nates, and the positive direc- 
tions on them are indicated 
by the arrowheads.* The 
point of intersection of the 
coordinate planes is called 
the origin. 

Let P be any point in space and let three planes be drawn 
through P parallel to the coordinate planes and cutting the axes 
at ^, -B, and C. Then the three numbers OA = x, OB = y, and 
OC = z are called the rectangular coordinates of P, 




• XX' and ZZ' are supposed to be in the plane of the paper, the positiye direction on 
XX' being to the right, that on ZZ' being upward. Y Y' is supposed to be perpendicular 
to the plane of the paper, the positive direction being in front of the paper, that is, from 
the plane of the paper toward the reader. 
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Any point P in space determines three numbers, the co6rdinates 
of P. Conversely, given any three real numbers x, y, and «, a 
point P in space may always be constructed whose coordinates 
are a, y, and z. For if we lay off OA = x, 0B = y, and OC = Zy 
and draw planes through A, B, and C parallel to the coordinate 
planes, they will intersect in such a point P. Hence 

Evert/ point determines three real num^ers^ and conversely, three 
real numbers determine a point. 

The coordinates of P are written (x, y, «), and the symbol 
P(x, y, z) is to be read, "The point P whose coordinates are 
Xj y, and «." 

The coordinate planes divide all space into eight parts called 
octants, designated by 0-XYZ, 0-X'YZy etc. The signs of the 
coordinates of a point in any octant may be determined by the 

Rule for signs. 

X is positive or negative according as P lies to the right or left 
of the YZ-plane. 

y is positive or negative according as P lies in front or in buck 

of the ZX-plane. 

z is positive or negative according as 
P lies ahove or below the XY-plane. 

If the coordinate planes are not 
mutually perpendicular, we still have 
an analogous system of coordinates 
called oblique coordinates. In this 
system the coordinates of a point 
are its distances from the coordi- 
nate planes measured parallel to the 
axes instead of perpendicular to the 
planes. We shall confine ourselves 
to the use of rectangular coordinates. 

Points in space may be conveniently plotted by marking the same scale on XX' - 
and ZZ' and a somewhat smaller scale on YY\ Then to plot any point, for example 
(7, 6, 10), we lay oft 0A = 1 on OX, draw AQ parallel to OTand equal to 6 units 
on or, and QP parallel to OZ and equal to 10 units on OZ. 
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PROBLEMS 

1. What ore the co(5rdinates of the origin ? 

2. Plot the following sets of points. 

(a) (8, 0, 2), (- 3, 4, 7), (0, 0, 5). 

(b) (4, - 8, 6), (- 4, 6, 0), (0, 8, 0). 

(c) (10, 3, - 4), (- 4, 0, 0), (0, 8, 4). 

(d) (8, - 4, - 8), (•- 6, - 6, 4), (8, 6, 0). 

(e) (- 4, - 8, - 6), (3, 0, 7), (6, - 4, 2). 

(f) (-6,4, -4), (0,-4,6), (9, 7, -2). 

8. Where can a point move ifaj = 0? if y = 0? if « = 0? 

4. Where can a point move if x = and y = 0? ifj^^O and 2 = 0? 
if « = and x = 0? 

5. Show that the points (x, y, z) and (— x, y\ z) are symmetrical with 
respect to the FZ-plane ; (x, y^ z) and (x, — y, z) with respect to the ZX- 
plane ; (x, y, z) and (x, y, — z) with respect to the XY-plane. 

6. Show that the points (x, y, z) and (— x, —y,z) are symmetrical with 
respect to ZZ' ; (x, y, z) and (x, — y, —z) with respect to XX' ; (x, y, z) and 
(— X, y, — z) with respect to FY' ; (x, y, z) and (— x, — y, — z) with respect 
to the origin. 

7. What is the value of z if P (x, y, «) is in the XF-plane ? of x if P is in 
the YZ-plaue ? of y if P is in the ZX-plane ? 

8. What are the values of y and z if P (x, y, z) is on the X-axis ? oiz and 
X if P is on the Y-axis ? of x and y if P is on the Z-axis ? 

9. A rectangular parallelepiped lies in the octant 0-XTZ with three 
faces in the co5rdinate planes. If its dimensions are a, 6, and c, what are 
the coordinates of its vertices ? 

85. Orthogonal projections. Lengths. The definitions of the 
orthogonal projection (p. 22) of a point upon a line and of a 
directed length AB upon a directed line hold when the points 
and lines lie in space instead of in the plane. It is evident that 
the projection of a point upon a line may also be regarded as 
the point of intersection of the line and the plane passed 
through the point perpendicular to the line. As two parallel 
planes are equidistant, then the projections of a directed length 
A B upon two parallel lines whose positive directions agree are equal. 

From the preceding definitions follows at once as on p. 24^ 



CARTESIAN COORDINATES IN SPACE 



199 



Theorem L Given any two points Pi(xi, yi, Zi) and Pi(x2, y^, Z2), 

^^^ as, — a?! = projection of PijPj upon XXf, 

Vi — Vi = projection of PiJPj upon YTfy 
Zt — z^ = projection of JPiJPj upon ZZ'. 

Theorem U. The length I of the line joining two points 
P\{^\9 Vif «i) a^ A(^2> y27 ^2) is given by 

(II) I = V(4j, - a5,)» + (1/1 - y^y + («i - «9)'. 



z^ 




The proof is similar to that for the plane, 
p. 24. 

If we construct a rectangular parallelopiped 
by passing planes through Pi and P% parallel 
to the coordinate planes, its edges will be paral- 
lel to the axes and equal numerically to the 
projections of P1P2 upon the axes. P\Pi will 
be a diagonal of this parallelopiped, and hence 
^ will equal the sum of the squares of its three 
dimensions, that is, of the numerical values of 
«i — «?> yi "■ Viy and z\ — Za. 



PROBLEMS 

1. Find the length of the line joining 

(a) Pi (4, 3, - 2) to P2(- 2, 1, - 5). Ans, 7. 

(b) Pi (4, 7, - 2) to Pa (3, 6, - 4). Ans. 3. 

(c) Pi (3, - 8, 6) to Pa (6, - 4, 6). Ana. 6. 

2. Show that the pointe (- 3, 2, - 7), (2, 2, - 3), and (- 3, 6, - 2) are 
the vertices of an isosceles triangle. 

8. Show that the pointe (4, 3, - 4), (-2, 9, - 4), and (-2, 3, 2) are the 
vertices of an equilateral triangle. 

4. Show that the pointe (-4, 0, 2), (-1, 3V3, 2), (2, 0, 2), and 
(—1, V3, 2+2 VS) are the vertices of a regular tetraedron. 

5. What does formula (II) become if Pi and Pa lie in the XF-plane ? in 
a plane parallel to the XF-plane ? 

6. The co5rdinat«s (x, ^, z) of the point of division P on the line joining 
Pi(xi, ^1, Zi) and Pa(xa, y^i ^2) svLch that the ratio of the segmente is 
PiP 



PP2 



= X are given by the formulas 



Xi + Xxa 

z = — » 

1 + X 

Hint. This is proved as on p. 32. 



,, Vi + Xya 



Z = 



«i + Xza 
1+X 
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7. The coordinates (z, y, z) of the middle point P of the line joining 
Pi(«ii Vu 2i) and Pzixz, 1/2, 22) are 

x = i(xi-\-X2), w = Hyi + ^2), 2 = H^i + 22). 

8. Find the co5rdinates of the point dividing the line joining the follow- 
ing points in the ratio given. 

(a) (3, 4, 2), (7, - 6, 4), X = }. Ans, (Y, i, |). 

(b) {- 1, 4, - 6), (2, 3, -.7), X = - 3. Arts. (J, |, - V)- 

(c) (8, 4, 2), (3, 9, 6), X = - J. Ans. (V, !, 0). 

(d) (7, 3, 9), (2, 1, 2), X = 4. Ans, (3, J, V). 

9. Show that the points (7, 3, 4), (1, 0, 6), and (4, 5, - 2) are the 
vertices of a right triangle. 

10. Show that each of the following sets of points lies on a straight line, 
and find the ratio of the segments in which the third divides the line joining 
the first to the second. 

(a) (4, 13, 3), (3, 6, 4), and (2, - 1, 5). Ans. - 2. 

(b) (4, - 5, - 12), (- 2, 4, 6), and (2, - 2, - 6). Ans, f 

(c) (- 3, 4, 2), (7, - 2, 6), and (2, 1, 4). Ans, 1. 

11. Find the lengths of the medians of the triangle whose vertices are 
the points (3, 4, - 2), (7^ 0, 8), and (- 5, 4, 6). Ans, Vll3, V89, 2 VSS^ 

12. Show that the lines joining the middle points of the opposite sides of 
the quadrilaterals whose vertices are the following points bisect each other. 

(b) (8, 4, 2), (0, 2, 5), (- 3, 2, 4), and (8, 0, - 6). 
(a) (0, 0, 9), (2, 6, 8), (- 8, 0, 4), and (0, - 8, 6). 

(C) Pl(iCl, 2/1, «l), P2(X2, 2^2, 22), P8(«8, ys, ^s), P4 (^4, ^4, Z^, 

18. Find the coordinates of the point of intersection of the medians of the 
triangle whose vertices are (3, 6, — 2), (7, — 4, 8), and (— 1, 4, — 7). 

Ans, (3, 2, - 2). 

14. Find the coordinates of the point of intersection of the medians of 
the triangle whose vertices are any three points Pi, P2, and Pg. 

Ans, [J (xi + X2 + xs), J (Vx + 2^2 + Vz), i (z\ + 22 + 2,)]. 

15. The three lines joining the middle points of the opposite edges of a 
tetraedron pass through the same point and are bisected at that point 

16. The four lines drawn from the vertices of any tetraedron to the point 
of intersection of the medians of the opposite face meet in a point which 
is three fourths of the distance from each vertex to the opposite face (the 
center of gravity of the tetraedron). 

17. The points (xi, yi, Zi), (xi + a, 2/1 + a, 21), and (xi, y\ + a, Zi + a) are 
the vertices of an equilateral triangle. 



CHAPTER XI 

SURFACES, CURVES, AND EQUATIONS 

86. Loci in space. In Solid Geometry it is necessary to con- 
sider two kinds of loci : 

1. The locus of a point in space which satisfies one given con- 
dition is, in general, a surface. 

Thus the locus of a point at a given distance from a fixed point is a sphere, 
and the locus of a point equidistant from two fixed ix)ints is the plane which is 
perpendicular to the line joining the given ix)ints at its middle point. 

2. The locus of a point in space which satisfies two conditions * 

is, in general, a curve. For the locus of a point which satisfies 

either condition is a surface, and hence the points which satisfy 

both conditions lie on two surfaces, that is, on their curve of 

intersection. 

Thus the locus of a point which is at a given distance r from a fixed point Pi 
and is equaUy distant from two fixed points Pg and Ps is the circle in which the 
sphere whose center is Pi and whose radius is r intersects the plane which is 
perpendicular to P2P8 a,t its middle point. 

These two kinds of loci must be carefully distinguished. 

87. Equation of a surface. First fundamental problem. If 

any point P which lies on a given surface be given the coordinates 
(cc, ?/, «), then the condition which defines the surface as a locus 
will lead to an equation involving the variables a:, y, and z. 

The equation of a surface is an equation in the variables x, y^ 
and z representing coordinates such that : 

1. The coordinates of every point on the surface will satisfy 
the equation. 

2. Every point whose coordinates satisfy the equation will lie 
upon the surface. 

* The number of conditions must be counted carefully. Thus if a point is to be equi- 
distant from three fixed points P^, Pj, and P3, it satisfies tuw conditions, namely, of being 
equidistant from Pi and P, and from P3 and P3. 
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If the surface is defined^ as the locus of a point satisfying one 
condition^ its equation may be found in many cases by a Eule 
analogous to that on p. 46. 

Ex. 1. Find the equation of the locus of a point whose distance from 
Pi (3, 0, - 2) is 4. 

Solution. Let P (x, y, z) be any point on the locus. The given condition 
may be written P p — 4 



By (II), p. 199, PiP = V(x - 3)2 + ^2^.(2 + 2)2. 

.-. V(x - 3)2 + y2 + (2 + 2)2 = 4. 

Simplifying, we obtain as the required equation 

x^ + y^ + 2^ - 6x + 4z - 3 = 0. 
That this is the equation of the locus should be verified as in Ex. 1, p. 45. 
We may easily prove 
Theorem I. The equation of a plane which is 

parallel to the XY-plane has the form z = constant; 
parallel to the YZ -plane has the form x = constant; 
parallel to the ZX-plane has the form y = constant, 

PROBLEMS 

1 . Find the equation of the locus of a point which is (a) 3 units above the 
XF-plane; (b) 4 units to the right of the FZ-plane; (c) 10 units back of 
the ZX-plane. 

2. Find the equation of the plane which is parallel to (a) the XF-plane 
and 4 units above it ; (b) the ZX-plane and 3 units in front of it ; (c) the 
FZ-plane and 7 units to the left of it. 

8. Find the equation of the sphere whose center is (or, p, 7) and whose radius 
is r. Ana. x^ -^ y^ -\- z^ - 2 az -2py - 2yz + a^ + ^ + y^ - r^ = 0. 

4. What are the equations of the coordinate planes ? 

5. Find the equation of the locus of a point which is equally distant from • 
the points (3, 2, - 1) and (4, - 3, 0). Ana. 2x -lOy -i- 2z -11 = 0. 

88. Equations of a curve. First fundamental problem. If 

any point P which lies on a given curve be given the coordinates 
(x, y, z)y then the two conditions which define the curve as a locus 
will lead to two equations involving the variables x, y, and z. 
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The equations of a curve are two equations in the variables 
X, yj and z representing coordinates such that: 

1. The coordinates of every point on the curve will satisfy 
both equations. 

2. Every point whose coordinates satisfy both equations will 
lie on the curve. 

If the curve is defined as the locus of a point satisfying two 
conditions, the equations of the surfaces defined by each condi- 
tion separately may be found in many cases by a Rule analogous 
to that on p. 46. These equations will be the equations of the curve. 

Ex. 1. Find the equations of the locus of a point whose distance from 
the origin is 4 and which is equaUy distant from the points Pi (8, 0, 0) and 
P2 (0,8,0). ^^ 

Solution, First step. Let P(x, y, z) 
be any point on the locus. 

Second step. The given conditions are 

(1) . P0 = 4, PPx = PPi. 

Third step. By (II), p. 199, 

PO = Vx2 -+ y2 ^ z\ 

PPi = V(x - 8)2 + y^ + z\ 
PP2 = Vx2 + (y- 8)2 + z\ 

Substituting in (1), we get 




Vx2 + y2 + z2 = 4, V(x - 8)2 + ^2 + 22 - Vx2 + (y - 8)2 + z\ 
Squaring and reducing, we have the required equations, namely, 

x2 + y2 + ^2 = 16, X - y = 0. 

These equations should be verified as in Ex. 1, p. 46. 

Ex. 2. Find the equations of the circle lying in the XF-plane whose center 
is the origin and whose radius is 5. 

Solution. In Plane Geometry the equation of the circle is (Corollary, p. 51) 
(2)" x2 + y2 = 25. 

Regarded as a problem in Solid Geometry we must have two equations 
which the coordinates of any point P(x, y, z) which lies on the circle must 
satisfy. Since P lies in the XF-plane, 
(3) « = 0. 

Hence equations (2) and (3) together express that the point P lies in the 
XF-plane and on the given circle. The equations of the circle are therefore 

x2 + y2 = 25, 2 = 0. 
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The reasoning in Ex. 2 is general. Hence 

If the equation of a curve in the XY-plane is knovm^ then the 
equations of that curve regarded as a curve in space are the given 
equation and z = 0. 

An analogous statement evidently applies to the equations of a 
curve lying in one of the other coordinate planes. 
From Theorem I, p. 202, we have at once 

. Theorem n. The equations of a line which is parallel to 

the X-axis have the form y = constant^ z = constant; 
the Y-axis have the form z = constant^ x = constant; 
the Z-axis have the form x = constant^ y = constant, 

PROBLEMS 

1. Find the equations of the locus of a point which is 

(a) 3 units above the XY-plane and 4 units to the right of the YZ-plane. 

(b) 6 unite to the left of the YZ-plane and 2 units in front of the ZX-plane. 

(c) 4 units back of the ZX-plane and 7 units to the left of the YZ-plane. 

(d) 9 units below the XY-plane and 4 units to the right of the YZ-plane. 

2. Find the equations of the straight line which is 

(a) 5 units above the XY-plane and 2 units in front of the ZX-plane. 

(b) 2 units to the left of the YZ-plane and 8 units below the XY-plane. 

(c) 3 units to the right of the YZ-plane and 5 units from the Z-axis. 

(d) 13 units from the X-axis and 5 units back of the ZX-plane. 

(e) parallel to the Y-axis and passing through (3, 7, — 6). 

(f) parallel to the Z-axis and passing through (—4, 7, 6). 

3. Find the equations of the locus of a point which is 

(a) 5 units above the XY-plane and 3 units from (3, 7, 1). 

Ans. 2 = 5, x2 -f y2 ^ ;j2 _ 6x - 14y - 2z -I- 50 = 0. 

(b) 2 units from (3, 7, 6) and 4 units from (2, 5, 4). 

ATiS. x2 + y2 + ;j;2 _ Qx - 14 y - 12 z -I- 90 = 0, 
aj2 + 2/2 ^ 22 _ 4a. _ loy - 8z +29 = 0. 

(c) 5 units from the origin and equidistant from (3, 7, 2) and (—3, - 7, —2). 

Ans. X* + y2 ^ 2;2 - 26 = 0, 3x + 7y + 2z = 0. 

(d) equidistant from (3, 5, — 4) and (— 7, 1, 6), and also from (4, — 6, 3) 
and(-2,8,5). Ans. Sx + 2y - 5z + 11 = 0, 3x - 7y - z + 8 = 0. 

(e) equidistant from (2, 3, 7), (3, - 4, 6), and (4, 3, - 2). 

Ans. 2x-14y-2z + l = 0, x + y-8z + 16 = 0. 
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4 . What are the equations of the edges of a rectangular parallelopiped whose 
dimensions are a, 6, and c, if three of its faces coincide with the coordinate 
planes and one vertex Ues in 0-XYZ ? in O^XY'Z ? in 0-X'Y'Z ? 

5. What are the equations of the axes of coordinates ? 

6. The following equations are the equations of curves lying in one of the 
coordinate planes. What are the equations of the same curves regarded as 
curves in space? 

(a) y2 =: 4aj. (e) z^ + 4z + Qx = 0. 

(b) «3 + 2* = 16. (f) y^'-z^-iy = 0, 

(c) 8x2 _ y2 _ 54. (g) yz2 + z2 - 6y = 0. 

(d) 4«2 + 9y2 = 36. (h) «2 _ 4a;2 ^. gz = 0. 

7. Find the equations of the locus of a point which is equally distant from 
the points (6, 4, 3) and (6, 4, 9), and also from (- 5, 8, 3) and (- 5, 0, 3), and 
determine the nature of the locus. Ans. z = 6, y = 4. 

8. Find the equations of the locus of a point which is equally distant from 
the points (3, 7, — 4), (— 6, 7, — 4), and (— 5, 1, — 4), and determine the 
nature of the locus. Ans. a; = — 1, y = 4, 

89. Locus of one equation. Second fundamental problem. 

The locus of one equation in three variables (one or two may be 

lacking) representing coordinates in space is the surface passing 

through all points whose coordinates satisfy that equation and 

through such points only. 

The coordinates of points on the surface may he ohtained as follows : 

Solve the equation for one of the variables, say z, assume pairs of values of 

X and yy and compute the corresponding values of z. 

A rough model of the surface might then be constructed by taking a thin board 

for the JTF-plane, sticking needles into it at the assumed points (x, y) whose 

lengths are the computed values of z, and stretching a sheet of rubber over their 

extremities. 

The second fundamental problem, namely, of constructing the 
locus, is usually discarded in space on account of the mechanical 
difficulties involved. 

90. Locus of two equations. Second fundamental problem. 
The locus of two equations in three variables representing coor- 
dinates in space is the curve passing through all points whose 
coordinates satisfy both equations and through such points only. 

The coordinates of points on the curve may be obtained as follows : 
Solve the equations for two of the variables, say x and y, in terms of the third, 
z, assume values for z, and compute the corresponding values of x and y. 
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91. Discussion of the equations of a curve. Third funda- 
mental problem. The discussion of carves in Elementaiy Ana- 
lytic Geometry is largely confined to curves which lie entirely in 
a plane which is usually parallel to one of the coordinate planes. 
Such a curve is defined as the intersection of a given surface 
with a plane parallel to one of the coordinate planes. The method 
of determining its nature is illustrated in 

Ex. 1. Determine the nature of the curve in which the plane z = 4 inter- 
sects the surface whose equation is ^^ + z^ = 4 x. 

Solution, The equations of the curve are, by definition, 

(1) y^ + z^ = ix, z = 4. 

Eliminate z by substituting from the second equation in the first. This gives 

(2) y2-4x + 16 = 0, « = 4. 
Equations (2) are also the equations of the curve. 

For every set of values of (or, y, z) which satisfy both of equations (1) viU evidently 
satisfy both of equations (2), and conversely. 





^ — i — I — « — I — I — I — I — I — I — > \ > 



If we take as axes in the plane 2; = 4 the lines C/X* and C/T^ in which the 
plane cuts the ZX- and FZ-planes, then the equation of the curve when 
r^erred to these axes is the fii-st of equations (2), namely, 

(3) y2_4a. + l6 = 0. 

For the second of equations (2) is satisfied by all points in the plane of X't (y, and F', 
and the first of equations (2) is satisfied by the points in that plane lying on the curve (3), 
because the values of the first two coordinates of a point are evidently the same when 
referred to the axes (yx^, (y Y^, and (yz as when referred to the axes OX, O F, and OZ, 

The locus of (3) is a parabola (Rule, p. 173) whose vertex, in the plane 
« = 4, is the point (4, 0) for which p = 2. 
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The method employed in Ex. 1 enables ns to state the 

Rule to determine the nature of the curve in which a plane par- 
allel to one of the coordinate planes cuts a given surface. 

First step. Eliminate the varial)le occurring in the equation of 
the plans from the equations of the plane and surface. The result 
is the eqvxition of the curve referred to the lines in which the given 
plans cuts the other two coordinate planes as axes. 

Second step. Determine the nature of the curve obtained in the 
second step by the methods of Plane Analytic Geometry. 

PROBLEMS 

1. Determine the nature of the following curves and construct their loci. 

(a) x2 - 4y2 = 8z, z = 8. (e) x^ + 4y^+9z^ = 36, y = 1. 

(b) x* + 9y2 = 9«2, « = 2. (f) aj2 _ 4^2 + -ga _ 25, x = - 3. 

(c) x2-42^ = 4«, y = -2. (g) z^-y^'-4tZ^-\-6x = 0, z=2. 

(d) x2 + y2 + 2;2 _ 25, X = 3. (h) y2 + ^a _ 4^ + 8 = 0, y = 4. 

2. Construct the curves in which each of the following surfaces intersect 
the co5rdinate planes. 

(a) x2 + 4y2 + 16z2 = 64. (d) x^ + 9y« = lOz. 

(b) x2 + 4y2_i6z2 = 64. (e) x* - 9y2 =102. 

(c) x2 - 4y2 - 16z2 = 64. (Q x^ + 4y2 - 16z2 = 0. 

3. Determine the nature of the intersection of the surface 2x + y = 2z 
with the plane y = k; with the plane z = k'. How does the intersection 
change as ik or A;' changes ? What idea of the form of the surface is obtained ? 

4. Determine the nature of the intersection of the surface x^ + y^ + 4sfl=6^ 
with the plane z = k. How does the curve change as k increases from 
to 4 ? from — 4 to ? What idea of the appearance of the surface is thus 
obtained ? 

5. Determine the nature of the intersection of the surface 4x — 2y = 4 
with the plane y = k; with the plane z = kf. How does the intersection 
change as A; or A:^ changes ? What idea of the form of the surface is obtained ? 

92. Discussion of the equation of a surface. Third funda- 
mental problem. 

Theorem HI. The locus of an algebraic equation parses through 
the origin if there is no constant term in the equation. 
The proof is vniilogoiu to that of Theorem VI, p. 06. 
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Theorem IV. If the locus of an eqttation is unaffected by chang- 
ing the sign of one variable throughout its equation, then the locus 
is symmetrical with respect to the coordinate plane from which that 
variable is measured. 

If the locus is unaffected by changing the signs of two variables 
throughout its equation, it is symmetrical tvith respect to the axis 
along which the third variable is measured. 

If the loctcs is unaffected by changing the signs of all three variables 
throughout its equation^ it is symmetrical with respect to the origin. 

The proof is analogous to that of Theorem lY, p. 66. 

Rule to find the intercepts of a surface on the axes of coordinates. 
Set each pair of variables equal to zero and solve for real values 
of the third. 

The curves in which a surface intersects the coordinate planes 
are called its traces on the coordinate planes. From the first 
step of the Rule, p. 207, it is seen that 

The equations of the traces of a surface are obtained by succes- 
sively setting aj = 0, y = 0, and « = in the equation of the surface. 

By these means we can determine some properties of the sarface. 
The general appearance of a surface is determined by considering 
the curves in which it is cut by a system of planes parallel to each 
of the coordinate planes (Rule, p. 207). This also enables us to 

determine whether the sur- 
face is closed or recedes to 
infinity, 

£z. 1. Discuss the locus of 
the equation 2^ 4- 2:^ = 4 x. 

Solution, 1. The surface 
passes through the origin since 
there is no constant term in 
its equation. 

2. The surface is sym- 
metrical with respect to the 
XF-plane, the ZX-plane, and 
the X-axis. 

For the locus of the given equation is unaffected by changing the sign of z,oty^ ox of 
both together. 
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3. It cuts the axes at the origin only. 

4. Its traces are respectively the point-circle y^ + z^ = and the parabolas 
z^ = 4xandy2_4a;, 

5. It intersects the plane x = kin the cmre (Rule, p. 207) 

yS + 2;2 = 4Jk. 

This curve is a circle whose center is the origin, that is, is on the X-azis, 
and whose radius is 2 V^ it k>0, but there is no locus if A; < 0. Hence the 
surface lies entirely to the right of the ITZ-plane. 

If k increases from zero to infinity, the radius of the circle increases from 
zero to infinity while the plane x = k recedes from the FZ-plane. 

The intersection of a plane z=k or y—k^, parallel to the XY- or ZX-plane, 
is seen (Rule, p. 207) to be a parabola whose equation is (compare Ex. 1, p. 206) 

y« = 4aj-ifc2 or z^ = ^x-kf^. 

These parabolas are found to have the same value of p, namely, p = 2, 
and their vertices recede from the YZ- or ZX-plane 9a k or kf increases 
numerically. 

PROBLEMS 

1. Discuss the loci of the following equations. 

(a) x2 4. -gs - 4aj. (f) x^ + y* - z^ = 0. 

(b) x2 + ys + 4z2 = 16. (g) x2 _ ya _ 2:2 = 9. 

(c) x2 + y2 _ 422 = le. (h) x2 + y2 - z2 + 2xy = 0. 

(d) 6a; + 4y + 3z = 12. (i) x + y-6z = 6. 

(e) 3a + 2y + 2 = 12. (j) y* + z* = 25. 

2. Show that the locus of Ax + -By + Cz + D = is a plane by considering 
its traces on the coordinate planes and the sections made by a system of 
planes parallel to one of the coordinate planes. 

3. Find the equation of the locus of a point which is equally distant from 
the point (2, 0, 0) and the FZ-plane and discuss the locus. 

Ans. ya + z2-4x + 4 = 0. 

4. Find the equation of the locus of a point whose distance from the 
point (0, 0, 3) is twice its distance from the XF-plane and discuss the locus. 

Ans. a24.y2_32;a_ez + 9 = 0. 

5. Find the equation of the locus of a point whose distance from the point 
(0, 4, 0) is three fifths its distance from the ZX-plane and discuss the locus. 

Ans, 26x2 + I6y2 + 25za-200y + 400 = 0. 
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Consider now in turn loci defined by equations of the first and 
second degree in x, y, and z, 

EQUATIONS OF THE FIRST DEGREE 

93. Plane and straight line. We confine ourselves to the two 
theorems. 

Theorem V. Plane. The locus of the general eqication of the 
first degree in x, y, and z, 

(V) Ax + By + Cz + n = 0, 

is a plane. 

The proof follows the method explained in problem 2, p. 209. 

Theorem VI. Straight line. The locics of two equations of the 
first degree, 
,yjx Mi^ + B,y + C,z + A = 0, 

is a straight line unless the coefficients ofx, y, and z are proportional. 

The proof follows at once from Theorem Y and Elementary Geometry. 
If the coeilicients are proportional , it is readily seen that the traces (p. 208) 
of the planes are parallel (p. 78), and hence the planes are parallel. 

To plot 01 straight line we need to know only the coordinates of two points 
on the line. The easiest points to obtain are usually those lying in the 
coordinate planes, which we get by setting one of the variables equal to zero 
and solving for the other two. If a line cuts but one of the coordinate 
planes, we get only one point in this way, and to plot the line we draw a line 
through that point parallel to the axis which is perpendicular to that plane. 

PROBLEMS 

1. Find the intercepts on the axes and the traces on the co&rdinate planes 
of each of the following planes and construct the figures. 

(a) 2x + 3y + 4«-24 = 0. (e) 5a - 7y - 85 = 0. 

(b) 7x - 3y + « - 21 = 0. (f) 4x + 32 + 36 = 0. 

(c) 0x - 7y - 9« + 63 = 0. (g) 5y - 8« - 40 = 0. 

(d) 6x + 4y -«+ 12 = 0. (h) 3x + 52 + 45 = 0. 

2. Find the points in which the following lines pierce the coordinate planes 
and construct the lines. 

(a) 2x + y-« = 2, x-y + 2« = 4.' (c) x + 2y = 8, 2x-4y = 7. 

(b) 4x + 3y-62 =12, 4x-3y^2. (d) y + « := 4, x-y + 22=10. 
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8. Find the equation of the plane which passes through the points 
(1, 1, -1), (-2, -2, 2), and(l, -1, 2). Ans. x-Sy-2z = 0, 

4. Find the equation of the plane whose intercepts are a, &, c. 

-^^- ;;+>: + ;: = ^• 
a c 

5. The system of planes passing through the line 

Aix + Biy + Ci2 + i>i = 0, -42X + B2y + C2« + Da = 

is represented by 

Aix + Biy + Ciz + Di + k (A^ + Bzy + CiZ + Dg) = 0, 

where A; is an arbitrary constant. 

6. Find the equation of the plane determined by the line 2« + y — 4 = 0, 
y + 2 « = 0, and the point (2, — 1 , 1). Ana, x + y + z — 2 = 0. 

EQUATIONS OF THE SECOND DEGREE 

The locus of an equation of the second degree, of which the 
most general form is 

(1) Ax^-\-By^-\-Cz^-\-Dyz-\-Ezx-\-Fxy-\-Gx-^Hy-^Iz-\-K=Oy 

is called a quadric surface or conicoid. By methods similar to those 
employed in Chapter VIII, p. 172, it may be shown that the 
locus of (1) is a pair of planes, one plane, a straight line,* or one 
of the loci about to be discussed. 

94. The sphere, t 

Theorem VII. The equation of the sphere whose center is the 
point (a, pf y) and whose raditis is r is 

(VII)aj* + y* + »«-2aa5-2jffy-2y« + a*+/5* + y*-^*=0. 

Proof. Let P (x, y, z) be any point on the sphere, and denote 
the center of the sphere by C, Then, by definition, PC = r. 
Substituting the value of PC given by (II), p. 199, and squar- 
ing, we obtain (VII). q.e.d. 

*For example, the locus of x* •*■ y* = ia the Z-axis. It is to he regarded as a special 
case of a cylinder (Theorem IX, p. 213). 

t In Analytic Geometry the terms sphere, cylinder, and cone are usually used to 
denote the spherical surface, cylindrical surface, and conical surface of Elementary 
Geometry, and not the solids hounded wholly or in part hy such surfaces. 
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Theorem VIII. OTke locus of an equation of the form 
(VIII) a^ + y^ + z^ + G<c + Hy + Iz + K=0 

is determined as follows : 

(a) When G^ -\- H^ -{- 1^ ^ 4: K > 0, the loctcs is a sphere whose 
center is (j- \Gy — J i/, — J /) cbnd whose radium is 

(b) When G^ -{- H^ -{- 1^ — 4: K = 0, the locus is the point-sphere* 

(-iC?, -ii/, -i7> 

(c) When G^ -{- H^ -{- P - AK < 0, there is no locus. 

The method of proof is similar to that on p. 115. 

PROBLEMS 

1. Find the equation of the sphere whose center is the point 

(a) (a, 0, 0) and whose radius is a. Ana. x^ ■]' y'^ -^ z^ — 2 ax = 0. 

(b) (0, /3, 0) and whose radius is /3. Ans. x^ + y^ + z^ - 2py =0. 

(c) (0, 0, 7) and whose radius is y. Ans. x^ + y^ + z^ — 2yz = 0. 

2. Determine the nature of the loci of the following equations and find the 
center and radius if the locus is a sphere, or the coordinates of the point- 
sphere if the locus is a pointHsphere. 

(a) aj3 + y2 + 23 - 6a; + 4« = 0. (c) x^ -\-y^ + z^ -\- 4^x - z -\-7 = 0. 

(b) x^ + y^ + z^ + 2x-4y-6 = 0. (d) x'^-^i/^-^z^ -12x^6y-\-iz = 0. 

8. Find the equation of the sphere which 

(a) has the center (3, 0, — 2) and passes through (1, 6, — 5). 

Ans. a;2 + y2 + 2;2_ex + 42-30 = 0. 

(b) passes through the points (0, 0, 0), (0, 2, 0), (4, 0, 0), and (0, 0, - 0). 

Ana. x2 + |^H-22 -4aj-2y + 6a; = 0. 

(c) has the line joining (4, — 6, 5) and (2, 0, 2) as a diameter. 

Ans. x^-^y^-\-z^-6x + 6y-1z-\-lS = 0. 

4. Given two spheres 8i : x'^ -\- y^ + z^ -{■ GiX + Hiy + Ii« + -BTi = and 
82:x^ + y^-^ z^ + G2X ^Hzy + /22 + ^2 = ; show that the locus of 
5* : x2 + y2 H- 22 + QiX + Hiy + hz + Ki 

+ A; (a;2 + y2 4. 2-2 + G!jx + H^y + I2Z + £"2) = 
is a sphere except when A; = — 1. In this case the locus is a plane. 

6. The center of the sphere 5* in problem 4 lies on the line of centers of 81 
and 82 and divides it into segments whose ratio is equal to k. 

* That l8, a point or sphere of radius zero. 
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6. When two spheres 8i and 8^ (problem 4) intersect, the system 8k con- 
sists of aJl spheres passing through their circle of intersection. 

7. When the spheres 8i and ^2 (problem 4) are tangent, the system St 
consists of all spheres tangent to 8i and 82 at their point of tangency. 

95. Cylinders. 

Ex. 1. Determine the nature of the locus of y^ = 4 a;. 

8olution. The intersection of the surface with a plane parallel to the 
FZ-plane, x = A:, are the lines (Rule, p. 207) 

(1) x = k, y = ± 2 V^, 

which are parallel to the Z-axis 
(Theorem II, p. 204). If A; > 0, 
the locus of equations (1) is a 
pair of lines ; if A: = 0, it is a 
single line (the Z-axis) ; and 
if A; < 0, equations (1) have no 
locus. 

Similarly, the intersection 
with a plane parallel to the 
ZX-plane, y = A:, is a straight 
line whose equations are (Rule, 
p. 207) 

x = ^k% y = k, 

and which is therefore parallel to the Z-axis. 

The intersection with a plane parallel to the XF-plane is the parabola 

z = A:, y^ = ix. 
For different values of k these parabolas are equal and placed one above 
another. 

It is therefore evident that the surface is a cylinder whose elements are 
parallel to the Z-axis and intersect the parabola in the XF-plane 

y^ = 4x, z = 0. 

It is evident from Ex. 1 that the locus of any equation which 
contains but two of the variables x, y, and z will intersect planes 
parallel to two of the coordinate planes in one or more straight 
lines parallel to one of the axes and planes parallel to the third 
coordinate plane in equal curves. Such a surface is evidently a 
cylinder. Hence 

Theorem IX. The locus of an equation in which one variable is 
lacking is a cylinder whose elements are parallel to the axis along 
which that variable is measured. 
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96. Cones. 

Ex. I. Determine the DBture of the locna 
ol the equation l&ifi + j/^ — z^ ^0. 

Solution. Let Pi(Ki, ^i, Zi) be a point on 
& curve C in nhich the locus inteisecle any 
plane, for example, z = k. Then 
(1) mxi' + vi'-zi^^O, Zi = *. 

The origin O lies on the surface (Theorem 
III, p. 207). It may be shown* that the line 
OPi liea entirely on the Hurface, and therefore 
that the surface Is a cone whose vertex is the 

In the same way the locus may be 
shown to be a cone whenever the equa^ 
tion of the surface is homogeneous^ in 
the variables x, y, and s. Hence 

Theorem X The locus of an equation 
which ie homogeneoug in the variables x, 
y, and s is a cone whose vertex is the 



1. Determine the nature of the following loci ; discuss and construct them. 

(a) a? + 2/« = M. (_e) ^ - y* + S6z' = 0. 

(b) i> + s'' = z'- (I) V*-18a!" + 42' = 0. 
(e) y* + 4z* = 0. is) !!?' + ley* -41 = 0. 
(d) ic3 - ** = 18. (h) K» + j(z = 0. 

2. FiDd the equations of the cylinders whose directrices are the following 
curves and whose elements are parallel to one of the axes. 

(a) ys + z» - 4v = b, X = 0. (c) 6*1' - a^tf' = a!6», * = 0. 

(b) ^ + 2x = »,y = 0. (d) I/* + 2pz = 0, * = 0. 

S. Discosa the following loci. 

(a) z» + y» = z"tan'r (c) z' + a» = j/" tan>^. (e) p" + i» = f'. 

{b) j(a + i' = 3^tan»a. (d) a' + ^ = r». (f) *> + x' = *^. 



■TlieEl«a«,l.o/A,ml,t'-- 
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97. Non-degenerate quadrics. If the locus of an equation of 
the second degree is a cone, cylinder, or pair of planes, it is called 
a degenerate quadric, while the surfaces now to be considered are 
distinguished as non-degenerate quadrics. 

The locus of the equation 



(1) 



X^ 1/* «* 

— j_ *L j_ _- — 1 
a" 6* c* 



Zi^ 



r' 



which contains only the squares of the variables with positive 

coefficientSf is called an 

ellipsoid. The sections of 

the surface formed by ^ 

planes parallel to any one 

of the coordinate planes 

(Rule, p. 207) are conies ^'^ 

of the elliptic type. If 

a = b = Cf the locus of (1) 

is a sphere. 

The locus of the equation 




(2) 



^« ■*" j.a ^« ~ ^' 



a 



which contains only the squares of the variables with one nega- 
tive coefficient J is called an hyperboloid 
of one sheet. The sections of the sur- 
face formed by planes parallel to the 
XF-plane (Rule, p. 207) ai'e ellipses, 
while those formed by planes parallel 
to either of the other coordinate planes 
are conies of the hyperbolic type. Two 
systems of straight lines lie on the 
hyperboloid and it is therefore called 
a ruled surface. 

The loci of the equations 

are also hyperboloids of one sheet. 
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The locus of the equation 



(4) 



_ 
a' 



6« 



— — 1 
"^ — -■•♦ 



with two negative coefficients, is called an hyperboloid of two sheets.^ 

Sections formed by planes paral- 
lel to the yZ-planeXRule, p. 207) 
are conies of the elliptic type, 
while those formed by planes 
parallel to either of the other 

coordinate planes are hyperbolas. 
The loci of the equations 




(5) 






are also hyperboloids of two sheets. 
The locus of the equation 



(6) 



^ + -. = 2c«, 



which contains the squares of two variables with positive coeffi- 
cients and the first power of the third variable, is called an elliptic 
paraboloid. Sections formed by planes parallel to the XF-plane 
(Eule, p. 207) are conies of the 
elliptic type, while those formed 
by planes parallel to either of the 
other coordinate planes are equal 
parabolas. 

The loci of the equations 



(7) 



** -L ** O >. 



are also elliptic paraboloids. 




* The nmnber of sheets refers to the number of separate parts of which the surface 
consists. 



Elliptic Paraboloid Hyperbolic Paraboloid 

NON-CeNTRAI. QUADRICS 



Hyperboloid of oue sheet Hyperbolic Paraboloid 
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The locus of the equation 



(8) 



^ y o 

or Ir 



which differs from (6) in that one 
of the squares has a negative 
coefficient^ is called an hyperbolic 
paraboloid. Sections formed by 
planes parallel to the XF-plane 
(Rule, p. 207) are conies of the hy- 
perbolic type, while those formed 
by planes parallel to either of the 
other coordinate planes are equal 
parabolas. There are two systems of straight lines lying on the 
surface. 

The loci of the equations 




(9) 



a^ c^ 






are also hyperbolic paraboloids. 

The ellipsoid and the hyperboloids are symmetrical with 
respect to the origin (Theorem IV, p. 208) and are therefore 
called central quadrics, while the paraboloids are called non-central 
quadrics because they have no center of symmetry. 



PROBLEMS 

1 . Discuss and construct the loci of the following equations. 

(a) 4X2 + 9y2 + 102J2 - 144. (g) 93^4 _ y2 + 9^52 -, 30. 

(b) 4x2 -f 9y2 -.162:2 = 144. (h) z^ _ 4^2 - 4y2 = le. 

(c) 4x2 _ 9y2 _ i6 2;2 = 144. (i) 16x2 + yS + 16^2 _ 64. 

(d) x2 + I6y2 _}. 2-2 = 64. (j) aj2 + y2 _ ^2 = 26. 

(e) y2 ^. 22 = 4 X. (k) 9«2 _ 4x2 = 288y. 

(f) y2 _ 2-2 = 4jp. (1) 103.2 + 2j2 = 64y. 

2. Show how to generate each of the central quadrics by moving an 
ellipse whose axes are variable. 

8. Show how to generate each of the paraboloids by moving a parabola. 



